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Abstract: This study aimed to interpret the answers of 11th grade students to geometric questions presented in a learning
environment enriched with dynamic geometry software, according to the theoretical framework of Geometric Working
Spaces by Kuzinak et al. (2016). During the research process, the action research method served as the basis. In this direction,
eight tasks designed by two researchers were first applied to the students by the teacher-researcher. The data related to the
implementation process were reflected in the form of field notes and students' studies in the tasks. After the implementation,
clinical interviews were conducted by asking three different geometry questions to six students in a learning environment
with dynamic geometry software. At the end of the study, it was found that the students' geometric studies were generally
concentrated in the Sem-Ins and Sem-Dis planes. This was interpreted as students working in Geometry | and Geometry Il
paradigms. In addition, as a result of the teacher-researcher's observations throughout the study, it was revealed that while
some students' geometric studies initially reflected the Geometry | paradigm, they developed answers for more than one plane
in subsequent tasks. This shows that students' geometric understanding can improve as they work on tasks in dynamic
geometry environments.
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Oz: Bu arastirmada, 11. smnif 6grencilerinin dinamik geometri yazilimi ile zenginlestirilmis bir 6grenme ortaminda sunulan
geometrik sorulara iliskin cevaplarinin Kuzinak vd’in (2016) Geometrik Calisma Uzaylari kuramsal cergevesine gore
yorumlanmasi amaglanmigtir. Arastirmanin yiriitiilmesi siirecinde, eylem arastirmast yontemi temel alinmistir. Bu
dogrultuda, iki arastirmaci tarafindan tasarlanan sekiz etkinlik Oncelikle arastirmaci &gretmen tarafindan Ogrencilere
uygulanmistir. Uygulama siirecine iliskin veriler alan notlar1 ve etkinliklerdeki 6grenci caligmalart seklinde yansitilmustir.
Uygulamadan sonra, dinamik geometri yaziliminin yer aldigi 6grenme ortaminda 6 Ogrenciye ii¢ farkli geometri sorusu
yoneltilerek klinik miilakatlar yiiriitiilmiistiir. Aragtirmanin sonunda, dgrencilerin geometrik caligmalarinin genel olarak Gos-
Ar¢ ve G0Os-Syl diizlemlerinde yogunlastigi tespit edilmistir. Bu durum, ogrencilerin Geometri I ve Geometri II
paradigmalarinda ¢alistiklar1 seklinde yorumlanmistir. Ek olarak, arastirmaci Ogretmenin arastirma boyunca yaptigi
gozlemler sonucunda, bazi 6grencilerin geometrik ¢aligmalarinin baglangigta Geometri [ paradigmasini yansitirken ilerleyen
etkinliklerde birden fazla diizleme yonelik cevaplar gelistirdikleri ortaya ¢ikmustir. Bu durum, 6grencilerin dinamik geometri
ortamlarinda yer alan etkinlikler iizerinde ¢alisirken geometrik anlama diizeylerinin gelisebildigini gostermektedir.

Anahtar Kelimeler: Geometrik paradigmalar, Geometrik ¢aligma uzaylar1, Dinamik geometri yazilimi, Eylem aragtirmasi

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

Geometric concepts are not limited to school years; instead, they continuously appear in our daily lives, often
without our conscious awareness. Even before formal education begins, children gain a wide range of informal
geometric knowledge through play. From an early age, they are exposed to various geometric shapes and start to
notice differences in form and size (van Hiele, 1999). When they start school, younger students learn to
recognize relationships between concrete objects and describe their spatial positions relative to each other. In
higher grades, students are expected to develop more advanced skills, such as identifying and relating properties
of geometric figures, classifying shapes, constructing loci, and proving geometric propositions. Essentially,
people rely on geometric skills throughout their lives. Due to the significant role geometry plays in everyday life,
researchers and educators must understand, interpret, and accurately analyze this field.

As computer technology continues to advance, the quality and quantity of educational software are
increasing. Dynamic geometry software is one such example, enabling students to construct geometric figures
and explore the properties and relationships of geometric shapes and structures. Students can examine a given
geometric object from various perspectives in two or three dimensions. The most well-known and widely used
dynamic geometry tools are GeoGebra, Cabri, and Geometer's Sketchpad. In recent years, integrating such
software into classroom instruction has significantly increased students’ interest in geometry. The National
Council of Teachers of Mathematics (NCTM, 2000) emphasizes in its principles and standards for School
Mathematics that dynamic geometry environments play an essential role in developing students’ geometric
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understanding. Similar emphasis is also reflected in the latest mathematics curriculum. The high school
curriculum states that students should be able to interpret geometric constructions prepared by the teacher using
such software interactively (MoNE, 2024).

These new tools have revolutionized the way students learn geometry by changing how geometric
constructions and verifications are performed. By adding a new dimension to visualization and experimentation,
they have greatly influenced the cognitive aspect of students' studies (Kuzniak, 2014). Houdement and Kuzniak
(1999) summarize this transformation into two main categories: the first, called “elementary school geometry” is
characterized by young learners mainly relying on spatial knowledge and skills, while the second, “authentic
geometry” is based on proof and includes applications of advanced mathematical fields such as vector spaces
and linear algebra. To understand this distinction in geometry education, Houdement and Kuzniak introduced the
idea of “geometric paradigms.” Building on this, Kuzniak later proposed a model based on geometric paradigms
that describes how geometry is practiced in learning environments (Kuzniak, 2006). Known as the Geometric
Working Spaces (GWS) model, this framework aims to examine how students and teachers interact with
geometric concepts, identifying the different cognitive and epistemological levels involved in learning and using
geometric knowledge (Kuzniak, 2014; Kuzniak & Richard, 2014). The model features three main working
spaces. In the natural working space, students generally operate at the first and second levels of van Hiele's
(1999) thinking hierarchy. They describe shapes and their properties based on personal experience and visual
appearance. For example, they see triangles as having sharp corners and squares as having four equal sides. In
the axiomatic working space, students work at the third and fourth van Hiele levels, engaging in reasoning and
proofs based on axiomatic systems. For instance, they might deduce that the base angles of an isosceles triangle
are equal using Thales's congruence theorems. Unlike these, the instrumental working space involves using tools
within geometric thinking. Here, students combine intuitive and axiomatic methods with instruments such as
dynamic geometry software (e.g., GeoGebra) or traditional tools like compasses and straight edges. This allows
them to make discoveries through visual experience and formal reasoning.

This study emerged from a high school teacher's desire to develop appropriate instructional strategies by
conducting a more in-depth analysis of the working space in which their students operate, using the model
proposed by Kuzniak et al. (2016).

1.1. Theoretical Framework

This section will first discuss the geometric paradigms, different geometries, and GWS in Kuzniak et al.'s
(2016) model.

1.1.1. Geometric Paradigms and Three Elementary Geometries

Geometric paradigms are emphasized to understand how individuals solve problems in geometry
(Houdement & Kuzniak, 1999, 2003). People need a shared set of beliefs, techniques, or practices to develop
solutions and communicate them to others. This need is directly related to the paradigm they adopt (Kuhn,
1966). When people share the same paradigm, they can communicate more easily and effectively. Conversely,
different paradigms can lead to misconceptions and sometimes even complete misunderstandings (Kuzniak,
2014; Kuzniak & Rauscher, 2011). For instance, the paradigm used in interpreting figures in geometry guides
how figures are understood. Sometimes, a geometric figure can be perceived based on its properties without
measuring data. Different paradigms have been accepted in geometry teaching to reveal and categorize these
diverse, sometimes conflicting, perspectives (Kuzniak & Nechache, 2021). Three geometric paradigms are
identified for examining school-level geometry: Natural geometry (Geometry 1), which involves a real and
perceptible space. In this geometry, proofs often rely on drawing tools or techniques such as folding and cutting
(Kuzniak, 2014). Therefore, mechanical and experimental proofs become significant. It aligns with the idea that
geometry provides tools for solving everyday life problems (Kuzniak, 2018). Natural axiomatic geometry
(Geometry I1) is based on Euclidean geometry and involves a space that approximates reality but does not fully
integrate with it. Proofs in this geometry must be developed within an axiomatic system to be valid. Although
the definitions of geometric objects, like figures, focus on certain properties of real, tangible objects, these
objects are considered idealized entities within an axiomatic structure in Euclidean geometry; thus, they are
accepted by definition (Kuzniak, 2014). Formal axiomatic geometry (Geometry Il1), which is not typically part
of school mathematics but may be encountered by those with advanced mathematical training, involves purely
theoretical objects. The axiomatic system is disconnected from real space but holds a central role. This paradigm,
which led to non-Euclidean geometries, addresses more logical issues (Kuzniak & Rauscher, 2011). These
paradigms are not addressed in a developmental sequence; no hierarchy exists among them. Each paradigm has
its distinct domain, and the method individuals use to solve problems depends on the problem’s purpose and the
paradigm they adopt (Kuzniak, 2018).
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1.1.2. Geometric Working Spaces

The model of GWS was developed based on the distinction between three different paradigms (Artigue,
2016). While attempting to solve geometric problems, students frequently shift between different paradigms. For
example, they may use figures and tools in various ways, such as sources of information or for proving certain
properties (Gémez-Chacon & Kuzniak, 2015). The GWS model was established to systematically describe these
modes of work, observed during school-level geometry instruction and guided by different paradigms (Kuzniak,
2006). GWS can he considered an abstract environment that reflects the interaction between an individual and a
geometric problem. This environment helps to characterize the type of work a student engages in while solving a
problem. Moreover, the structure of GWS varies depending on the educational system (intended or reference
GWS), school conditions (implemented or suitable GWS), and practitioners (students’ and teachers’ personal
GWS).

To define the characteristics of a student’s geometric work, both the epistemological and cognitive
dimensions of problem solving are taken into account. These dimensions are organized within the GWS model
as two interconnected planes: the epistemological plane, which is directly related to the mathematical content of
the studied field (here, geometry), and the cognitive plane, which concerns the thinking processes of individuals
solving geometric problems (Figure 1a). When addressing and explaining geometric work from an
epistemological perspective, three interactive components constructed entirely based on geometric criteria
become essential: Representamen, artifacts, and referential. Through these components, the teaching and
learning process is structured by the nature of geometry. Representamen involves a set of concrete and real
representations. Artifacts include instruments or software used to produce constructions. Referential refers to the
meanings attributed to definitions, properties, relationships, and propositions formulated through the use of
drawing tools (Kuzniak & Nechache, 2021). Furthermore, to understand how individuals utilize their knowledge
when confronted with geometric problems, the cognitive plane of the GWS model is emphasized. This plane is
closely related to the epistemological plane and can be considered a mental reflection of it in the mind of the
individual. In order to describe the cognitive processes involved in geometric problem solving, Duval’s (2005)
framework is adopted in this plane. Accordingly, the components of visualisation, construction, and proof,
adapted from Duval (2005), are regarded as its fundamental elements. Visualisation pertains to the analysis and
interpretation of symbols. Construction refers to the process of building, which depends on the tools and
techniques used. Finally, proving is a process involving validation and is grounded in theoretical reference. To
achieve coherent and complete geometric work, the integration of the epistemological and cognitive planes is
necessary. According to Kuzniak et al. (2016), this integration is made possible through three fundamental
genesis, as schematized in Figure 1a. The GWS model is thus characterized as a production process (involving
specific reasoning patterns, decision-making, etc.) in conjunction with semiotic, instrumental, and discursive
genesis (Kuzniak & Nechache, 2021). Semiotic genesis enables the interaction between concrete objects and
geometric entities (Gomez-Chacon & Kuzniak, 2015). Duval (2005) refers to two types of processes related to
this formation: the first is associated with the perceptual recognition of figures, while the second involves a more
abstract interpretation of symbols about the concept of figure as a symbolic object. Instrumental genesis
represents a transformation in which the drawing tool is utilized during the construction process. This
transformation is described in two directions: an upward movement, where one transitions from the drawing tool
to the construction of a geometric locus; and a downward movement, where one shifts from the geometric locus
to the selection and proper use of a tool for geometric construction (Gémez-Chacon & Kuzniak, 2015). In the
discursive genesis associated with proof, the properties used in mathematical reasoning are given meaning. This
genesis involves a two-way validation process: a deductive approach supported by properties constructed within
the meaning of the object, and conversely, the identification of properties and theorems that can be integrated
into the meaning framework of the object (Gémez-Chacén & Kuzniak, 2015).

The functionality of the GWS model should not be understood as a simple aggregation of individual
components located on the epistemological and cognitive planes, but rather as connections activated through two
or three genesis. Different genesis do not operate independently; instead, they must interact with one another to
give meaning to geometric work. Kuzniak and Richard (2014) highlight three vertical planes, each defined by
the presence of two genesis that constitute either the epistemological or the cognitive plane (Figure 1b): Semiotic
and Instrumental genesis [Sem-Ins] (which involves the representation of a geometrical idea through symbols
and its construction using concrete tools (such as drawing instruments or software), Semiotic and Discursive
genesis [Sem-Dis] (which entails the construction of a geometrical idea using both visual and verbal means),
Instrumental and Discursive genesis [Inst-Dis] (which refers to the joint construction of a geometrical idea using
both instrumental and discursive methods).

In the [Sem-Ins] plane, two fundamental modes of work can be observed. The first focuses on the
construction of geometric figures that satisfy certain conditions, while the second is directed toward the
interpretation of data provided by the tools and drawing instruments (artifacts) used in the process.
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In the [Sem-Dis] plane, the nature of the approach depends on the priority given to either the semiotic or the
discursive component. If the emphasis is on the semiotic dimension, visual transformations structure the
identification of figures and shape perceptual reasoning. In contrast, if the focus lies on property-based
hypothetical deductions and the process of deductive proof, figures and visualization play a more intuitive role.

In the [Ins-Dis] plane, the critical question is whether the proof is based on experimental evidence or purely
deductive reasoning. If conclusions are drawn from data provided by tools, the proof is considered experimental.
Alternatively, if the proof relies on a theoretical reference, the tools are used to illustrate or construct geometric
configurations.
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Figure 1. (a) The model of GWS; (b) Vertical Planes (Kuzniak et al., 2016, pp. 725-727)

1.2. Rationale and Significance of Research

Throughout my long-standing career in teaching, | can say that geometry has been one of the subjects that
students struggle with the most in mathematics classes. Students particularly face difficulties in investigating the
properties of geometric figures and structures through the use of theorems, establishing relationships between
these structures, and analyzing them within different spaces. These challenges consistently emerge each year
among the students | encounter. Accordingly, certain difficulties also arise in the way geometry classes are
conducted. Some of these include students’ inability to mentally visualize how geometric shapes and spatial
relationships function concretely, their prejudices against geometry, and a lack of motivation. Over time, | have
attempted to develop various alternatives to overcome these difficulties. Among these, technology, which has
become an integral part of all aspects of our lives, stands out as a primary tool.

Students transitioning from middle school to high school are expected to move from natural geometry, where
knowledge is constructed through intuition, perception, and empirical validation, to natural axiomatic geometry,
which requires the use of properties of ideal objects in reasoning processes (Caligkan-Dedeoglu, 2016). Relevant
studies have demonstrated the contribution of dynamic geometry software to processes involving visualisation
and construction (Sem-Ins plane) within the GWS model (Coutat & Richard, 2011). By entering the field of
geometry education, dynamic geometry software has transformed geometry from a static, paper-and-pencil
process into a dynamic, screen-based experience, enabling students to focus more effectively on abstract
structures and thus facilitating the transition to axiomatic geometry (Giliven & Karatas, 2003). Through this
approach, students are able to engage comfortably in exploratory environments, gaining opportunities to
discover, hypothesize, test, formulate, and explain. From this perspective, it becomes evident that the quality of
students’ work improves as they integrate previously acquired knowledge with the hands-on experiences offered
by new technologies, following their mathematical understanding and cognitive capacities. As a practicing
teacher, | have had the opportunity to closely observe the geometrical work carried out by students. Additionally,
I have employed various instructional techniques within the classroom to help shape and develop students’ work.
I evaluated these practices through observation in an attempt to better understand the nature of the work
conducted by students. As a teacher, | decided to employ action research in my study, as it allowed me to
examine the process of problem-solving in depth within the classroom setting.

The GWS model is a relatively new theory. This theory must be reviewed, expanded, and refined through
practical applications. In the international literature, studies focusing on GWS are limited and have been
primarily conducted by Kuzniak and his collaborators (Kuzniak, 2006, 2014, 2018; Kuzniak & Rauscher, 2011;
Kuzniak & Richard, 2014; Kuzniak, Tanguay & Elia, 2016; Kuzniak & Nechache, 2021). In Turkey, however,
research in this field remains scarce (Imamoglu et al., 2023). In this context, it is believed that the present action
research study will contribute to filling this gap. Through action research, I observed students’ geometrical work
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as a result of the instructional techniques | implemented in my classroom. Over the years, using various
strategies in teaching geometry topics, | attempted to explore how students carried out their geometrical work. In
the early years, | monitored students' progress in geometry through the tasks | designed. In these tasks, students
primarily relied on the given information and attempted to construct basic-level proofs. | observed that such
practices did not lead to significant cognitive development in students' geometrical work. This action research
aims to investigate how integrating technology into mathematics classes, specifically through tasks designed
with dynamic geometry software, influences students’ geometrical work. It is believed that the findings of this
study will offer valuable insights for teachers in identifying effective strategies when planning their students’
geometrical learning processes, as well as for curriculum developers and researchers seeking to design new
learning environments.

1.3. Purpose of the Research

The primary aim of this study is to conduct an in-depth analysis of students' geometric work within learning
environments supported by dynamic geometry software, based on the model proposed by Kuzniak et al. (2016).
In line with this objective, the research problem addressed in the study is expressed as follows:

How do mathematics classes based on dynamic geometry software influence high school students’ geometric
work?

2. Method

This section includes the research design, the participants, the tasks implemented during the process, the data
collection tools, and the data analysis.

2.1. Action Research Process

This research aims to understand how teaching the subject of circle in an environment equipped with
dynamic geometry software affects students' geometric work, using an action research approach. Action research
is a qualitative research method that involves the systematic collection and analysis of data, the identification of
problems encountered during the teaching-learning process, or the resolution of existing problems, and accepts
the researcher’s perceptions and interpretations as part of the data (Cepni, 2014). A fundamental assumption of
action research is that teachers are best positioned to understand their practices and are capable of implementing
the most effective measures to improve the educational environment. This perspective highlights that action
research serves as a crucial tool in bridging the gap between theory and practice by bringing them closer together
(Johnson, 2002).

Action research is not a simple problem-solving process. It is a systematic procedure that involves gathering
information about the problem, proposing and implementing original ideas to address the problem, and critically
reflecting on these implementations. Tomal (2003) compares the action research process to a physician treating a
patient. The doctor first identifies the problem based on the patient's complaints, conducts a series of medical
diagnostic tests (data collection), discusses the results with the patient (analysis and feedback), decides on and
applies a treatment plan (planning and action), and then evaluates the patient’s condition. Similar stages were
followed in this study. As a researcher, through years of observation, | noticed that many of my students
struggled significantly with learning geometry, lacked motivation for the class, and were unable to provide
sufficient answers to questions. This issue emerged as a serious problem negatively affecting students’ geometric
thinking processes and their work. To overcome this problem, I decided to integrate dynamic geometry software
into my geometry classes and analyze students’ cognitive experiences in these new learning environments
regarding geometry learning. For this purpose, | collaborated with another researcher in designing the tasks,
implementing them, and analyzing the data. Particularly, tasks related to the teaching of circle, a subject included
in the curriculum and one with which students commonly experience learning difficulties, were designed. Before
the implementation, the van Hiele Test was administered to gain a general understanding of students' levels of
geometric thinking (Baki, 2020).

Field notes and observations were utilized to more clearly reveal the impact of tasks supported by dynamic
geometry software. This enabled more detailed evaluations of any issues or difficulties encountered during the
implementation of the tasks.

2.2. Participants

The sample of this study comprises six eleventh-grade female students enrolled in a public high school in
Turkey. These students demonstrated moderate achievement in the nationwide centralized examination and are
currently taking science-oriented courses. In this study, codes such as S;, S,, Ss, S4, Ss, S¢ were used instead of
the participants' real names.
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2.3. Role of the Researcher

This study was carried out by two researchers. In the initial phase, they collaboratively designed tasks
centered on dynamic geometry software. During the second phase, which involved implementing these tasks, the
first author served as the teacher-researcher and led the classes. This dual role allowed the researcher-teacher to
closely observe the students' geometric work. Field notes related to the learning process were recorded by the
researcher-teacher. After the implementation, the two researchers jointly selected three geometry questions to
ask the students. Then, clinical interviews were conducted with six students in an environment equipped with
dynamic geometry software. The second researcher recorded these interviews on video, and both researchers
analyzed the recordings together using the model proposed by Kuzniak et al. (2016).

2.4. Research Design

A problem experienced in the classroom formed the starting point of this action research. During the doctoral
studies, the researcher-teacher conducted investigations on how and for what purposes the dynamic geometry
software GeoGebra could be used in the teaching environment. In preparing the tasks, first, I examined the
general objectives of the high school mathematics curriculum and the topics taught in 11" grade. Secondly, |
selected topics most suitable for using GeoGebra software. Finally, | simultaneously reviewed the general
objectives of the curriculum, the subjects, and the learning outcomes in the textbook, and decided that the circle
was the most appropriate. In this context, | designed eight tasks (URL-1, 2022) by adapting content from the
Ministry of National Education (MoNE) resource books and open-access materials, and sought expert opinions.
The tasks are provided in Appendix 1. All tasks enable students to perform applications on GeoGebra and help
them learn the subject of circle through exploration. During the tasks related to the circle subject, I took
screenshots of the students’ work on the screen. Table 1 presents information about the names of the tasks used
in the implementation, the subject they belong to, and the duration of each task.

Table 1. Tasks Implemented During the Process

Task Name-No Task Focus Duration (class hours)

Spider Web- Task 1 Central Angle and Inscribed Angle 40 min (1 class hour)

Wheel- Task 2 Tangent, Chord, Diameter, Arc, and 40 min (1 class hour)
Secant in the Circle

Drain Pipes- Task 3 Tangent-Chord Angle 40 min (1 class hour)

Embroidery Hoop- Task 4 Interior Angle and Exterior Angle in 40 min (1 class hour)
the Circle

Wastewater Treatment Project- Task 5 Properties of a Chord in the Circle 40 min (1 class hour)

Ammo Delivery Routes- Task 6 Positions of a Line to a Circle 40 min (1 class hour)

Ship Routes- Task 7 Tangent and Tangent Segment 40 min (1 class hour)

Bracelet Cans- Task 8 Tangential Quadrilateral 40 min (1 class hour)

Figure 2. Snapshots from the Implementation of Tasks in the Classroom
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The intervention lasted for 8 class hours and was completed over a total period of 3 weeks. Throughout this
process, | continuously maintained field notes based on observations of the students. In action research, the
teacher conducts participant observations; in this study, I naturally observed students’ reactions to the tasks and
recorded significant occurrences. Additionally, | kept daily field notes before and after classes to reflect on my
observations and thoughts regarding the students. An example excerpt illustrating this is provided below.

(Ammo Delivery Routes- Task 6)

This was one of the tasks that students struggled with the most. At first, they couldn’t understand the
purpose of the lines included in this task. It was also the longest task in terms of duration compared
to the others. This was the first task were they experienced the algebra window. As students wrote the
equations from the task into the algebra window, they gradually started to interpret the shapes that
appeared. Some students substituted point A (+1, -7) into the equations and stated that it satisfied all
the lines; therefore, they responded that the ammunition would be placed at all three points. One
student mentioned that the distance between two points could be measured with a ruler. Later, |
asked the student whether they remembered the formulas related to analytic geometry. After this
question, the student realized their mistake. Some students wrote “x” and 'y ” in uppercase letters in
the algebra window and created sliders instead of lines. Afterwards, through trial and error, they
managed to draw the lines by writing the letters in lowercase.

As in the example given above, I tried to evaluate my students’ reactions during the implementation through
my field notes. | made observations about which GeoGebra tools they used. | conducted clinical interviews with
the students to identify their progress in geometric work.

2.5. Data Collection Tool

In the study, clinical interview questions were developed to clearly and explicitly reveal the students’
geometric work. In this context, based on a review of relevant literature, the curriculum, textbooks, and expert
opinions, three questions were posed to the students. These questions are as follows:

e  Find the center of a circle.
o Draw atangent to a circle from a point outside the circle.
e Divide a circle into two equal parts.

Each student was interviewed for approximately 15-20 minutes. With the students’ permission, these
interviews were video recorded. During the interviews, students’ responses to the questions were obtained, and
discussions were held about the reasons behind their answers.

2.6. Data Analysis

The students’ geometric works in the study were qualitatively analyzed based on geometric paradigms and
the GWS model. Table 2 illustrates how the responses of two students to the question, “Find the center of a
circle,” were analyzed.

When examining Table 2, the students’ responses to the interview questions were interpreted in terms of the
related paradigm, the components reflected within the GWS framework, the genesis actively utilized, and the
corresponding planes. All students’ answers were analyzed using this approach. Additionally, the results were
summarized in a general tally table. Thus, by evaluating students’ responses to each question, their geometric
work was characterized.

2.7. Research Ethics

This research was conducted under ethical guidelines and was approved by the Trabzon University Social
and Human Sciences Scientific Research and Publication Ethics Committee (approval number: E-81614018-
050.04-2500003318). Before the study, the high school students participating in the research were given
sufficient information about the study, assuring them that their responses would be used solely for scientific
purposes and that their personal information would not be shared with any third parties or institutions. After
obtaining the students’ consent, the implementation phase began.
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Table 2. Example Analysis of a Student’s Response

Student’s GeoGebra
Drawing (if any)

Interview Excerpt

Comment / Interpretation

S: This question seemed a bit easy.
R:Why?

S: The center of a circle... When we draw a
circle, it’s already drawn with a center.
R: So you mean the center is found directly.
S:Yes.

R: Do you think there is another way? Or how
would you do this on paper and pencil?
S: Then |
would cut out the shape from the paper and
fold it in half. Then I would fold it from the
other side again. That way, | would find the
center

Paradigm: Geometry | (Natural
Geometry)
Drawing a circle on paper

Genesis: Semiotic

Cutting and folding the paper
(Artifacts)

Genesis: Instrumental
Plane: Sem-Ins (Semiotic-
Instrumental)

S: First, 1 would create a circle passing

through three points.
R: Why did you start with this kind of
drawing?

S: Because | think I need a line segment to
find the center. So, I can use points A and B.
(...connects the points with a line segment).
I'm actually thinking of this: when an
inscribed angle is 90 degrees, the arc it
intercepts is a diameter. So, I can find the
center by starting from the diameter.
R:How?

S: When | create a perpendicular at points A
and B, the angle here will be 90 degrees.
(...intersects the points, saying “let’s intersect
the points”). (...then measures the angle). The
angle « BAD came out to be exactly 90
degrees. Now, the segment seen by this 90-
degree angle will give us the diameter.
(...connects points B and D). We’ve created
our diameter. Because the segment seen by a
90-degree angle is equal to the diameter. If it
weren't 90 degrees, BD would be a chord.

Paradigm: Geometry Il
(Natural Axiomatic Geometry)
Drawing a circle passing
through three points
(Visualization)

Genesis: Semiotic

Ensuring the angle between
lines A and B on the circle is 90
degrees (The inscribed angle
subtended by a diameter is 90°
theorem) (Referential)
Genesis: Discursive

Plane: Sem-Dis (Semiotic-
Discursive)

3. Findings

The findings obtained from the research have been examined under two main headings: implementation
process and post-implementation phase. In the first section, the implementation process, the tasks conducted
within the learning environment supported by dynamic geometry software are summarized. In the second
section, the post-implementation phase, students’ responses to the clinical interview questions presented at the
end of the implementation process are provided.

3.1. Implementation Process

The instructional sequence on the subject of the circle began with a class focusing on the concepts of central
and inscribed angles. In this class, students engaged with the Spider Web task (see Appendix 1), which | had
previously designed. This task, conducted over 1 class hour (40 minutes), required students to trace the paths
followed by spiders on a circle constructed in GeoGebra and to determine whether the intersecting paths
represented central or inscribed angles. The students worked on the task using GeoGebra. Figure 3 provides
excerpts from the students’ digital constructions.
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Figure 3. Students’ drawings for the “Spider Web” task

Overall, students successfully constructed the given circle and represented the spider’s path by connecting
points on the circle with chords. However, some students encountered difficulties completing their diagrams due
to inconsistencies in labeling the points. While identifying central and inscribed angles, students recognized that
their work was focused within the interior of the circle. My observation note during the class is as follows:

"Except for student S5, a total of five students participated in the task. This was the students’ first
experience with a GeoGebra-based task. All participating students were able to construct the required
figure in GeoGebra, including the circle and relevant points. The researcher asked the students how
they would construct central and inscribed angles. The students responded that they would use chords
for this purpose. They had understood that both central and inscribed angles are located within the
interior of the circle. Some students mentioned that they were confused because the points in the task
differed from the ones they had constructed themselves."

After solidifying their understanding of central and inscribed angles, students proceeded to the Wheel task
(see Appendix 1), which centered on key circle concepts such as tangent, chord, diameter, arc, and secant.
Conducted over a single class hour, the task required students to construct the given wheel using GeoGebra and
answer a series of related questions. These questions were designed to highlight various geometric relationships
among points on the circle, prompting students to interpret and explain these relationships using appropriate
geometric terminology. To support their reasoning, students created corresponding constructions in GeoGebra.
Figure 4 presents excerpts from their digital drawings.
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Figure 4. Students’ drawings for the “Wheel” task

Through this task, students began to develop greater confidence in using GeoGebra. Indeed, they were able to
create the circle with ease and label the points according to the instructions provided in the task. Overall, they
explained their drawings effectively using the concepts of tangent, chord, diameter, and arc. However, as
illustrated in Figure 4, it is evident that some students encountered difficulties with the concept of a secant.
Specifically, instead of representing a secant as a line, they attempted to depict it using a line segment (i.e., a
chord). As a result, some students were unable to correctly distinguish which element represented the secant. My
observation note during the class is as follows:

"Except for student S5, a total of five students participated in the task. Compared to the previous task,
students appeared to be more accustomed to using GeoGebra in this task. They were able to label the
points correctly while making their constructions. Students attempted to identify and mark the concepts
of tangent, chord, arc, diameter, and secant by the task requirements. Three students were unable to
correctly identify the secant in the corresponding table, while the remaining two students completed all
items in the table accurately. It appeared that some students experienced cognitive confusion,

specifically regarding the concept of the 'secant’.
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After supporting students in discovering and learning the fundamental concepts related to circles, | shifted
the instructional focus to a key concept that builds upon these foundations: the tangent-chord angle. To facilitate
students’ understanding of this concept, they engaged with the Drain Pipes task (see Appendix 1). Conducted
over one class hour (40 minutes), this task required students to design drainage pipes within a structure
consisting of two perpendicular paths, such that the angles formed represented tangent-chord angles. In addition,
the task aimed to help students establish a relationship between the measure of a tangent-chord angle and the arc

it intercepts. Students constructed the given structure using GeoGebra. Figure 5 presents excerpts from their
digital drawings.
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Figure 5. Students’ drawings for the “Drain Pipes” task

Students were able to accurately conceptualize the tangent-chord angles they constructed, as well as the

relationships between these angles and the measures of the arcs they subtended relative to central angles. My
observation note during the class is as follows:

"Excluding students S; and Sg, a total of four students participated in this task. During the task,
students reported that by measuring angles, they were better able to understand that the measure of a
tangent-chord angle is equal to half the measure of the arc it intercepts. Additionally, they explored the
property that the longest chord passing through the center is the diameter by manipulating the position

of a chord about the center of the circle, making observations about changes in chord length
accordingly.”

To support students in learning the concepts of interior and exterior angles in a circle, | engaged them in the
Embroidery Hoop task (see Appendix 1). Within a single class hour, students were asked to construct the given
hoop model using GeoGebra and to identify the interior and exterior angles formed at the intersections of threads
stretched across the hoop. Figure 6 presents excerpts from students’ GeoGebra constructions of the hoop model.
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Figure 6. Students’ drawings for the “Embroidery Hoop” task

Although students did not encounter difficulties in drawing the hoop model using GeoGebra during this task,

it was observed that they experienced some challenges in identifying all of the interior and exterior angles on
their constructions. My observation note during the class is as follows:

"Excluding student S5, a total of five students participated in the task. Compared to the previous two
tasks, students were able to construct the figures in GeoGebra more quickly. Only one student was able
to accurately and completely record all of the interior and exterior angles in the response section."
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In another class, the focus shifted to exploring the properties of chords in a circle, such as the fact that the
perpendicular bisector of a chord passes through the center of the circle, that a line connecting the midpoint of a
chord to the center is perpendicular to the chord, and the relationship between chord length and its distance from
the center. To this end, students worked for one class hour (40 minutes) on the Wastewater Treatment Project
task (see Appendix 1). In this task, sewer pipes are installed between neighborhoods located at different points on
a circular region. A central waste transport line is to be laid from the center of the circle to connect with these
sewer pipes, and this line is required to be as short as possible. Students were first asked to draw the circular
region and the sewer pipes between the neighborhoods using GeoGebra. Figure 7 presents excerpts from the
students’ digital drawings in GeoGebra.

Figure 7. Students’ drawings for the “Wastewater Treatment Project” task

In general, through this task, students discovered that the shortest wastewater transport line is the
perpendicular drawn from the center of the circle to the sewer pipes (i.e., the chords), and that the length of this
perpendicular varies depending on the length of the chords (for example, it is shorter for longer chords). In this
way, they were able to determine which line between two neighborhoods would be shorter or longer. They
successfully discovered the intended properties in the task. My observation note during the class is as follows:

“Five students participated in the task. Upon first reading the question, students appeared confused,
primarily due to the varying lengths of the pipes (i.e., chords) depicted in the task. Four students
correctly answered the initial question: "ldentify which pipeline, drawn from the treatment facility to
the sewer pipes, would be the most cost-effective (i.e., the shortest) among the connections between
neighborhoods." One student, however, stated that they assumed the cost would be proportional to the
number of neighborhoods rather than the pipe length. Toward the end of the task, students were able to
complete the constructions accurately and respond to the questions as intended. Through peer
interaction, they discovered the color-changing feature in GeoGebra, which enabled them to complete
their constructions using color.”

To explore the possible positional relationships between a circle and a line, students were engaged in the
Ammo Delivery Routes task (see Appendix 1). In this task, a military helicopter located at a specific coordinate is
required to deliver ammunition to various points in a circular region. For this purpose, three linear routes, each
represented by a distinct linear equation, are proposed. During a single class period, students were asked to draw
the circular region and the given lines using GeoGebra and to mathematically analyze the relationships between
the circle and the lines. Figure 8 presents excerpts from the students’ drawings in GeoGebra.

Figure 8. Students’ drawings for the “Ammo Delivery Routes” task

30



Interpreting High School Students' Studies in Dynamic Geometry Environments in the Context of Geometric Working Spaces

This task was particularly valuable in encouraging students to make use of the algebra window in GeoGebra.
Students encountered certain difficulties, especially in constructing lines and calculating distances between
points. | observed a variety of reasoning approaches when students attempted to determine how many points a
given line intersected the circle and to calculate the shortest distance from a line to the center of the circle. My
observation note during the class is as follows:

“Four students participated in the task. This was one of the most challenging tasks for the students.
Initially, they struggled to understand the purpose of the given lines within the context of the task.
Compared to the other tasks, this one took the longest to complete. It was also the first time students
had the opportunity to engage with the algebra window in GeoGebra. As they entered the equations
provided in the task into the algebra window, they gradually began to interpret the resulting geometric
representations. Some students substituted the point A(+1, -7) into the equations and, upon observing
that it satisfied all three equations, concluded that the ammunition would be delivered to all three
locations. One student stated that they could measure the distance between two points using a ruler. |
then asked whether they remembered any formulas related to analytic geometry, at which point the
student recognized the error in their reasoning. Some students, when entering the equations, used
capital letters for the variables “x” and “y,” which resulted in the creation of sliders instead of lines.
Through trial and error, they eventually realized that using lowercase letters was necessary to properly
construct the intended lines.”

To support students in drawing tangents from a point outside a circle and in discovering that the lengths of
tangent segments drawn from an external point to a circle are equal, | engaged them in the Ship Routes task (see
Appendix 1). Conducted over one class hour (40 minutes), this task presented a circular danger zone on the ocean
and the routes followed by two ships that navigate without entering this hazardous region. Students were asked
to construct the given scenario in GeoGebra and explore the concepts of tangents, tangent segments, and their
properties. Figure 9 presents excerpts from students’ GeoGebra drawings.
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Figure 9. Students’ drawings for the “Ship Routes” task

Students utilized various features of GeoGebra to construct the given scenario and respond to the questions.
In doing so, they came to understand that two tangents can be drawn from a single point to a circle, and that the
lengths of these tangent segments are equal. My observation note during the class is as follows:

“Three students participated in the task. In this task, S, quickly constructed the required figure by first
creating the circle, then selecting the tangent tool and clicking on a point on the circle. In contrast, S;
and Sg selected two points on the circle, clicked on the tangent tool, and constructed two separate
tangents that intersected at a single external point. Some students used the measurement tool to
determine the lengths of the tangent segments. These students were also able to accurately define the
concept of a tangent in response to the researcher’s question.”

Finally, to support students in learning the concept of a tangential quadrilateral, they engaged in the Bracelet
Cans task (see Appendix 1). In this task, students examined the properties of the three most popular bracelet
containers, each represented by a polygonal model containing a circle, and were guided toward understanding
the concept of a tangential quadrilateral. During a one-hour class, students were first asked to draw these
polygonal models using GeoGebra, after which instructional support was provided to help them conceptualize
the properties of tangential quadrilaterals. Figure 10 presents excerpts from students’ drawings in GeoGebra.
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Figure 10. Students’ drawings for the “Bracelet Cans” task

Students utilized various features of GeoGebra to construct the given polygons and successfully developed
an understanding of the concept of a tangential quadrilateral. My observation note during the class is as follows:

“Three students participated in the task. This was the final task of our study. Some students constructed
the polygons using the polygon tool, while others used the regular polygon tool. The students answered
the task questions accurately.”

3.2. Post-Implementation Phase
3.2.1. Findings Related to the Question on Finding the Center of a Circle

While solving this question, students employed three distinct problem-solving approaches. Half of the
students (S;, S,, and Sg) developed solutions using concrete materials, whereas two students (Ss, S,) provided
interpretations supported by underlying geometric theorems. One student (Sy) utilized both approaches in
formulating their response. For example, during the interview, Sg offered the following explanation regarding
this question:

Ss: Let’s draw a circle (the student drew a circle on the screen using the circle tool with a center
and a point). Well... it has a center. We drew it using the center.

R: If I now asked you to do this using pen and paper, how would you find the center?
(The student is thinking.)

Ss: First, | would draw a circle. Then, | would cut out the circle from the paper. By folding it, it
divides into two equal parts, and the center becomes evident when folded.

R: Do we fold it just once? How many times do we need to fold it?
Ss: When folded once, it divides into two equal parts.

The student initially indicated that the center of the circle could be easily located by utilizing the features of
the GeoGebra program. Subsequently, the student explained that they could find the center by creating a paper
template of the circle (visualization) and folding it (artifacts). Similarly, S; and S, provided comparable
explanations. These students also emphasized that the circle could be readily constructed using GeoGebra and
noted that tangible materials, such as paper, could be used to arrive at the solution:

S:: 1 would draw a circle on paper. Then, | would cut out that shape from the paper and fold it in
half. After that, I would fold it again from the other side. That way, | would find the center.

S,: 1 would draw a circle on paper. Then, | would fold it so that the two edges overlap. It would
be folded exactly through the middle, creating a diameter. | would fold it again from the other
side in the same way. The crease formed would be perpendicular to the first fold. That way, the
exact center would be determined. It would be the center.

These students approached the task of drawing circles on paper from the perspective that such figures serve
as visual supports in geometric reasoning. In this context, semiotic genesis was activated. On the other hand, by
employing a drawing tool such as the folding method, they attempted to determine the center of the circle
geometrically. Instrumental genesis played a significant role during this transition process. Consequently, the
students’ interpretations correspond to the Sem-Ins plane. Their emphasis on techniques like folding and cutting,
which are based on physical artifacts, indicates that they were operating within the Geometry | (natural
geometry) paradigm.
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In contrast, S, drew the circle using GeoGebra and attempted to solve the problem by applying theorems.
The following is S,’s explanation regarding their geometric work in GeoGebra:

S4: First, 1 would construct a circle passing through three
points.
R: Why did you start with such a construction?
S4: Because | think | need a line segment to find the center.
Therefore, | can use points A and B (the student connected the
points with a line segment). When the inscribed angle is 90
degrees, the chord it subtends is a diameter. Based on the
diameter, I can find the center.
R: How so?
S4: When | construct a perpendicular to segment AB, the angle
here will be ninety degrees. | intersect the points to find the
intersection. (...then measures the angle). The angle «BAD is
exactly ninety degrees. Now, a line subtended by a ninety-
degree angle will give us the diameter. (...connects points B and
D). We have constructed the diameter because the line segment
Figure 11. S,’s work on GeoGebra subtended by the ninety-degree angle is equal to our diameter.
If the angle had not been ninety degrees, BD would have been a
chord.
R: Were we able to find the center of the circle? I don’t think we
have found it yet.
S4: Now, we have found the diameter. From the diameter, it
says we can find the midpoint and the center. We used that tool
to find the midpoint.
(...finding the midpoint of points B and D).
We have determined the center of our circle.

S, constructed an arbitrary circle using GeoGebra (visualization). Subsequently, they recognized the need to
draw a diameter to locate the center of the circle. Drawing on the theorem stating that “an inscribed angle
subtended by a diameter is 90 degrees” (referential), the student attempted to identify two perpendicular lines
intersecting the circle at two distinct points (points B and D). They explained that connecting these two points
forms the diameter, and the midpoint of this diameter corresponds to the center of the circle. Similarly, S; made
a comparable construction and provided explanations aligned with those of S,. These students activated semiotic
genesis while sketching the mental image of the circle. At the same time, discursive genesis was prominent as
they supported their constructions with underlying theorems (here, the inscribed angle subtended by a diameter
is 90 degrees). Accordingly, their explanations can be situated within the Sem-Dis plane. Since geometric
objects (e.g., the circle) in this context correspond to idealized objects in Euclidean geometry and are based on
an axiomatic structure, it can be argued that these students developed a solution within the Geometry Il (natural
axiomatic geometry) paradigm. In contrast, S, offered a different interpretation from the other students:

S¢: From outside, ninety degrees... Can I find it?

R: I don’t know, can you? Give it a try.

S¢: After constructing a ninety-degree angle, it will subtend the
diameter. If we obtain a right angle, 1 hope we can find the
diameter.

The student drew two perpendicular lines intersecting on the
circle. First, they connected points E and C. Then, realizing
they could not find the diameter, the student, upon the
researcher’s suggestion, connected points H and C. Observing
the chords they had drawn...

Figure 12. S¢’s work on GeoGebra Se: So, do they all work? (...pauses to think).

R: Do they all work? Do they all give the center? Do you think
they are all diameters?

Se¢: No, [ couldn’t find the diameter.

R: How would you do it on paper? Suppose | draw a circle
without its center and ask you to find the center?

S¢: 1 would fold the circle vertically and horizontally over itself.
The point where these two creases intersect is the center of the
circle.
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Se’s initial line of reasoning is similar to that of S, and S;. Likewise, the student referred to the theorem
stating that “an inscribed angle subtended by a diameter is 90 degrees” and attempted to construct two
perpendicular lines. However, upon failing to identify the desired perpendiculars, the student shifted toward a
paper-folding strategy. This indicates a transition from the Sem-Dis plane to the Sem-Ins plane.

Overall, students’ geometric reasoning in response to the questions is summarized in Table 3.
Table 3. Tally Table of Students’ Geometric Work for Question 1

Paradigm Genesis Plane
= 32 Geo | Geo ll Geolll  Sem Ins  Dis " "
2 8 E = a oA
S = ] g @)
& g £ £ &
@ - 3 =
S1 041”7 X X X X
S, 1’377 X X X X
Ss 4’23 X X X X
S4 4197 X X X X
Sg 1’21 X X X X
Se 57477 X X X X X X X

Upon examining Table 3, it is evident that the majority of students provided responses aligned with the
Geometry | paradigm. No responses corresponding to the Geometry Il paradigm were observed. All students
actively employed semiotic genesis in their problem-solving. In addition, some students also utilized
instrumental and discursive genesis. Finally, students’ responses were distributed across the Sem-Ins and Sem-
Dis planes. No student produced a response situated within the Ins-Dis plane. One student (S¢), however,
initially responded within the Geometry Il paradigm and later gave a response aligned with the Geometry |
paradigm (Sem-Dis — Sem-Ins).

3.2.2. Findings Related to the Question on Drawing a Tangent to a Circle from a Point Outside the Circle

While solving this question, students employed two different problem-solving approaches. Five students (S;,
S, Sg, S3, and Sg) developed solutions using artifacts, while only one student (S,) provided a geometric
interpretation supported by prior theorems. For example, S, offered the following explanation in response to this
question:

S1: We're going to draw a tangent. But it says from a point
outside. So, there must be a point outside the circle. Then let’s
go to the point. If we place a point here... (places a point
outside the circle). Now we’ll draw tangents from this point. We
could use the tangent tool, but we could also use the line
segment tool.
R: So, how would you draw it without using the tool?
S1: If we draw a circle from here and place a point here...
(draws a circle and selects a point outside it). We could draw a
line, for example.

Figure 13. S;’s work on GeoGebra R: Can you move the initial figure? Can you check whether
anything has changed?
At first, the student thought that the tangency was preserved in
both constructions, but as they continued moving the figures,
they realized that the tangency was lost.
R: What do you think is the difference between the two
constructions? What could you have done differently to ensure
the second one remained unchanged?
S1: What could | have done?... (thinks) I don’t know. I guess I
don’t know. I would probably just use the tangent tool again.

The student indicated that they could solve the problem by using the "tangent from an external point" feature
in GeoGebra. When asked how they would approach the task without using this feature, the student first
constructed a circle arbitrarily (visualization). Then, using GeoGebra (artifacts), they attempted to construct
lines that were tangent to the circle at two different points. In doing so, the student aimed to build a structure that
satisfied the tangency condition (construction). However, upon moving the figure, they observed that tangency
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was not preserved. This suggests that the student focused primarily on visual representation rather than ensuring
the mathematical accuracy of the construction. Similarly, S,, Ss, S3, and S, expressed comparable reasoning. As
an example, the explanation provided by S5 is given below:

S3: Once again, let’s draw a circle by clicking the center and circle tool.

(The student selected the line tool and drew what they believed to be a tangent from a point to
the circle.)

R: Can you draw the figure without using the tangent tool?

Ss: If we intersect the circle with the point on it, let’s see if anything changes when we move it.
This is my first time trying this.

(...After performing the intersection, the student moved the figure.) It changes again. So, it
doesn’t work.

R: Do you think there’s another way to draw a tangent without using the tool? If I gave you a
paper-and-pencil task, how would you draw a tangent from a point outside the circle?

S3: I have no idea.

These students approached the task of drawing a circle based on the belief that geometric figures serve as
visual aids in geometric reasoning. In this context, semiotic genesis was activated. Additionally, by using
GeoGebra, that is, by opting for an artifact, they attempted to construct a figure that they believed represented a
tangent from an external point to the circle. Instrumental genesis played a significant role in this transition
process. Accordingly, the students' interpretations correspond to the Sem-Ins plane. Rather than relying on a
theoretical foundation, they attempted to create the desired configuration solely based on its visual appearance.
This indicates that they were operating within the Geometry | (hatural geometry) paradigm.

In contrast, S, used GeoGebra to construct the circle and attempted to solve the problem with the support of
geometric theorems. S,’s explanation regarding their geometric construction in GeoGebra is as follows:

S,4: Since it says "from outside the circle,” | would first
construct my circle. Then, because it mentions a point outside, |
would place a point outside the circle. It’s asking me to draw a
tangent. A tangent is a line segment that touches the circle at
exactly one point. So what can | do? ... By selecting the tangent
tool and then clicking on the point and the circle, 1 was able to
construct the tangents.
R: Would you have considered a different approach?

Figure 14. S,’s work on GeoGebra S4: Actually, we could have done something else. The tangents
are perpendicular to our circle.
Following this statement, the student pointed to the point where
the line touches the circle. So, we could have drawn radii from
the circle to those points and constructed the tangents that way.
R: What would you do next, for example? You've drawn the
radii, then what?
S4: Then, we would connect them again at a single point.

The student indicated that, by using the tangent tool in GeoGebra, they could draw tangent lines from a point
outside the circle. When asked how they would approach the problem without using this tool, the student
referred to the theorem stating that tangents are perpendicular to the radius at the point of contact (referential),
after having constructed the circle arbitrarily (visualization). In this context, the student emphasized that
connecting the point of tangency to the circle’s center with a radius (proving) would produce the desired result.
During the construction of the circle, semiotic genesis was activated. At the same time, discursive genesis
became prominent as the student supported the condition of tangency from an external point with prior theorems
(in this case, the theorem stating that a tangent is perpendicular to the radius at the point of contact).
Accordingly, the student’s explanation is situated within the Sem-Dis plane. It can therefore be concluded that
the student developed a solution aligned with the Geometry Il (natural axiomatic geometry) paradigm.

Overall, students’ geometric reasoning in response to the questions is summarized in Table 4.
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Table 4. Tally Table of Students’ Geometric Work for Question 2

o Paradigm Genesis Plane
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S, 3743 X X X X
S, 4’ 54> X X X X
S3 3738” X X X X
Sa 2713 X X X X
Ss 3’517 X X X X
Se 6’517 X X X X

Upon examining Table 4, it is evident that the majority of students provided responses aligned with the
Geometry | paradigm. No responses corresponding to the Geometry Il paradigm were observed. Only one
student (S,) gave a response reflecting the Geometry Il paradigm. All students are actively engaged in semiotic
genesis. In addition, some students also utilized instrumental genesis. However, discursive genesis was
employed by only one student. Finally, the students’ responses were distributed across the Sem-Ins and Sem-Dis
planes, with no responses situated in the Ins-Dis plane.

3.2.3. Findings Related to the Question on Dividing a Circle into Two Equal Parts

In this question, five students (S;, S,, Ss, S5, and S,) developed solutions based on their intuition, while only
one student (S) supported their intuitive reasoning with prior theorems. In their explanations, S, also referred to
the use of concrete materials and proposed alternative approaches. For example, during the interview, S,
provided the following explanation in response to this question:

(The student drew a circle and then drew a line passing through
the center of the circle.)
R: Do you think the line you drew divides the circle into two
il equal parts?
\‘ S S3: Yes, it does.

R: Do you think the line you drew passes through the circle?
S3: | passed it through the center.
R: Does every line that passes through the center divide the
circle into two equal parts? Let’s draw another line. (The
student draws lines passing through the center.)
R: If you do this, will the circle still be divided into two equal
Figure 15. S;’s work on GeoGebra parts?
S3: No, it won'’t. (The student seemed confused.)
R: Can you move the circle, enlarge or shrink it?
(The student adjusted the size of the circle.)
R: Now let’s delete the other lines so only one remains. (The
student made the requested adjustment.)
R: Now, if we move the circle and measure the arcs, will they
always be equal? (The student tries to measure the arc lengths.)
*The student was measuring straight-line distances between two
points, not arc lengths.
S3: The lengths turned out different. So it didn’t divide it into
two equal parts.

The student intuitively believes that a circle can be divided into two equal parts by a line passing through its
center. In this context, the student drew a line segment from the center that intersects the circle at two distinct
points (visualization). Subsequently, they used the GeoGebra software to manipulate the figure- enlarging and
shrinking it, and attempting to measure arc lengths to determine whether the line segment was indeed a diameter
(artifacts). Similarly, students S, and S; provided comparable explanations. In addition to these, the student S
proposed a different approach.
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Ss: The center is already known here. If | draw a line segment
passing through the center, it would divide the circle into two
equal parts. Arcs subtended by diameters are equal. (The
student drew horizontal and vertical line segments passing
through the center of the circle.)

R: Let’s think about this question in a paper-and-pencil context.

How would you divide a circle into two equal parts?

Ss5: 1 would first determine the center.

R: How would you do that? How can the center of a circle be

found?

S5: With the help of a compass.

R: And how would you use a compass to determine the center in

a paper-and-pencil setting?

Figure 16. S5’s work on GeoGebra S5: Well, when we press the compass onto the paper and rotate
it to draw a circle, we are rotating it around the center. So, the
point where we place the compass is directly the center.

R: Can you think of any other method?

Ss: If it were on paper, | could cut and fold it.

R: How would you do that, for example?

Ss5: 1 would draw a circle on paper, cut it out, and then fold it
into two equal parts. That would again divide it into two equal
parts.

Initially, S, like S5, S,, and S;believes that the way to divide the circle into two equal parts is by determining
the diameter. In addition to this, the student asserts that the center of the circle can be found using a compass
(artifacts), and that the diameter can also be constructed by drawing the circle on paper (visualization), cutting it
out, and folding it (artifacts).

In contrast to the reasoning of these students, S, aimed to locate the center point by identifying the
intersection of the lines:

S,: How would | divide it? First, 1 would construct a line
segment. Then, | would define a circle on that segment. Right.
First, | identified three points. Then, | created the line segment
AB using the line segment tool. After that, | constructed a
second line segment.

R: You have constructed the line segments. What will be your
next step?

S4: | think the line segments will help me divide the circle into
two equal parts. | will check if | can equalize them. | marked a
Figure 17. S,’s work on GeoGebra point between A and B and intersected it. If we find the midpoint
of Aand C... Then, what can | do next?

R: Why do you want to find the midpoint? What are your
thoughts?

S4: | am thinking of drawing a circle. | will draw the circle at
point A. The distance between points A and D will be equal to
that between points C and D. But what purpose will this serve?
The student drew a circle at point A, where the lines intersect,
and examined the figure.

R: Do you have any other ideas?

S,4: Actually, what if 1 measure the angles? (The student
measured the central angles in the circle.)

T

S, appears to consider constructing the radius on the given lines and marking the center as the intersection
point of these lines (visualization). This form of intuitive reasoning differs from that of the previously discussed
students.

Overall, students intuitively conceptualize dividing the circle into two equal parts. While some attempt to
construct the diameter, others focus on obtaining information about the radius and the center. In this context,
semiotic genesis is activated. Conversely, students also attempted to perform these operations using GeoGebra,
thereby engaging with a drawing tool. Instrumental genesis played a significant role during this transition.
Accordingly, the students’ interpretations correspond to the Sem-Ins plane. They generated responses based on
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intuition rather than formal proof, indicating that they operated within the Geometry | (natural geometry)
paradigm. In contrast, S provided the following explanation during the interview regarding this question:

Se: I'm thinking directly about the diameter of the circle. In
other words, it might work if we fold it as if we were folding it
in half.

R: What are you going to do in this question?

S¢. First, let me draw the circle. If | draw a line passing
through the center, it can be divided into two equal parts.

R: If we drag the circle or the line, do you think it will always
be divided into two equal parts? (The student drags the line.)
Se: Ah... it didn’t work.

R: So, do you think there is another way to divide the circle into
two equal parts?

S¢: After drawing the inscribed angle, when the inscribed angle
measures 90 degrees, the triangle formed corresponds exactly
to the diameter. First, let me draw a circle. Then, | will draw a
line intersecting the circle and a line perpendicular to this line.
(The student measures the angle and confirms that the angle
between the lines is 90 degrees.) This segment here is the
diameter (pointing to points | and J). | have divided the circle
into two equal parts.

R: How would you divide a circle into two equal parts using pen
and paper?

S¢: 1 would start drawing chords from the bottommaost point of
the circle. Then, I would identify the longest one...

R: How would you determine the longest of these chords?

Se¢: [ don’t know. I would fold another piece of paper. I would
draw a circle in the center of the paper, cut out the circle, and
fold it in half.

Figure 18. S¢’s work on GeoGebra

S considers it necessary to draw the diameter (visualization) to divide the circle into two equal parts. To
justify this, the student refers to the theorem stating that "an inscribed angle subtended by a diameter is 90
degrees" (referential) and constructs two perpendicular lines, confirming that the angle between them is 90
degrees (proving). As an alternative approach, the student suggests drawing chords from the edge of the circle,
sketching the circle on paper (visualization), and then cutting it out and folding it in half (use of drawing
instruments). In the initial part, the student intuitively believes that dividing the circle into two equal parts can be
achieved by drawing a line or a line segment (i.e., a diameter) that passes through the exact center of the circle.
At this stage, semiotic genesis is predominantly active. However, since the student employs a prior theorem (i.e.,
an inscribed angle subtended by a diameter is a right angle) to construct the diameter, discursive genesis also
becomes significant. Therefore, the explanation is situated within the Sem-Dis plane. It can thus be argued that
the student has produced a solution consistent with the Geometry Il paradigm (natural axiomatic geometry). On
the other hand, in the two alternative approaches proposed by the student, the reasoning aligns with the
Geometry | paradigm (natural geometry). During the process of drawing chords from the bottom edge of the
circle, semiotic genesis is activated, while instrumental genesis is involved when identifying the longest chord.
This marks a shift into the Sem-Ins plane. Similarly, during the act of drawing the circle, semiotic genesis is
again activated, while cutting and folding the circle engages instrumental genesis, thus, once more leading to a
response situated within the Sem-Ins plane.

Overall, students’ geometric work in response to the questions is summarized in Table 5. Upon examining
Table 5, it is observed that students predominantly provided responses corresponding to the Geometry |
paradigm. No responses aligned with the Geometry Il paradigm were identified in the questions. All students
actively employed representational genesis. In addition, some students also utilized instrumental genesis, while
discursive genesis was employed by only one student. Lastly, students' responses were distributed across the
Sem-Ins and Sem-Dis planes. No student was found to have developed responses within the Ins-Dis plane. One
student (S_6), however, initially responded within the Geometry Il paradigm and subsequently provided a
response corresponding to the Geometry | paradigm (Sem-Dis — Sem-Ins).
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Table 5. Tally Table of Students’ Geometric Work for Question 3

© Paradigm Genesis Plane
IS
= [ Geo | Geo Il Geo Il Sem Ins Dis
[<5) <5 n L n
E 2 = [a) A
& 2 £ = 2
3 2 @ 5
x 2 2
S; 3°16” X X X X
S, 2137 X X X X
S; 5’ 54> X X X X
S, 57 05> X X X X
Se 2’ 04 X X X X
Se 714 X X X X X X X

4. Discussion and Conclusion

Dynamic geometry software offers significant opportunities for shaping students’ engagement with
geometric tasks (Gomez-Chacon & Kuzniak, 2015; Gomez-Chacon et al., 2016). In this study, | focused on the
subject of the circle, a field frequently noted in both my own teaching experience and the existing literature as a
source of learning difficulty for students, and examined my students’ geometric reasoning within this context. To
explore the influence of technology-based instruction, specifically the use of dynamic geometry software (in
particular, GeoGebra), on students’ geometric work, I employed the methodology of action research. My
familiarity with GeoGebra as a powerful visualization tool for geometric concepts stems from both my
undergraduate and graduate-level coursework. This software can be used for a variety of purposes, including
constructing geometric figures, discovering relationships, dynamically observing transformations (especially
through the use of sliders), building geometric models, and engaging in processes of proof and generalization.
The extensive features of GeoGebra and its adaptability to different instructional aims have made it a frequently
preferred tool in mathematics education (Kilig & Kaleli-Yilmaz, 2024). In this regard, learning environments
grounded in GeoGebra are being developed, and technology-supported instructional tasks are being designed to
enhance geometry teaching and learning.

Difficulties experienced in learning the concept of the circle often stem from the lack of a concrete
representation in traditional instructional settings. In conventional environments, students are generally presented
with definitions and properties of the circle, followed by sample problems based on these formal descriptions.
However, the integration of technology into classrooms has created opportunities for teachers to raise awareness
and enhance conceptual understanding of such abstract topics. In this context, the present study sought to utilize
the affordances of technology by designing and implementing tasks related to the circle in a dynamic geometry
environment. To this end, | developed and implemented eight instructional tasks using GeoGebra. During the
implementation phase, students were able to construct both fundamental and auxiliary elements of the circle as
required in the tasks, and they effectively used dynamic features such as dragging. As a result, the process of
learning circle-related concepts became more accessible. This ease of learning was also reflected in students’
responses during the clinical interviews. In the clinical interviews, it was observed that students' geometric work
predominantly focused on the Sem-Ins and Sem-Dis planes. This indicates that students operated within the
frameworks of Geometry | and Geometry Il paradigms. However, it is expected that students at the high school
level engage primarily with the Geometry II paradigm (Caliskan-Dedeoglu, 2016). Despite this, the participating
students were able to generate responses consistent with the Geometry Il paradigm only through engagement
with the dynamic geometry tasks. Moreover, the responses of two students indicated transitions between the
Sem-Ins and Sem-Dis planes. These students initially produced answers aligned with the Geometry Il paradigm,
but later regressed to responses situated within the Geometry | paradigm. This phenomenon of students shifting
between cognitive planes while responding to the same geometric task aligns with the findings of
Gomez-Chacon et al. (2016), in which such transitions were described using the metaphor of a "zig-zag" pattern
in students’ geometric problem solving.

Although students did not produce responses within the Ins-Dis plane in this study, it can still be concluded
that the implemented tasks contributed meaningfully to the development of their geometric thinking. At the
beginning of the process, students primarily approached the tasks with a focus on visualization. However, toward
the end of the implementation, some students began to incorporate elements of proof into their reasoning, albeit
to a limited extent. This indicates that my instructional aim to support students in transitioning from the Sem-Ins
plane to the Sem-Dis plane, that is, from Geometry | to Geometry 11, was at least partially achieved. This effect
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was also evident in a written exam administered approximately one month after the intervention, in which
students who initially experienced difficulties with the topic of the circle were able to provide correct responses.
Based on my teaching experience, | have observed that topics such as the circle, when taught through traditional
instruction, are often forgotten over time. Many students preparing for the university entrance exam encounter
persistent difficulties with concepts such as arc length and angle measures. These challenges often stem from
their inability to form accurate mental visualizations of the circle and its properties. When students fail to
concretize the concept of the circle in their minds, they tend to struggle with related problems as well. In
comparison to traditional instructional approaches, | found that teaching the circle through tasks conducted in the
GeoGebra environment was more effective. The dynamic and technology-enhanced learning environment
appeared to increase student motivation, foster greater engagement, and generate sustained interest in the tasks.
These factors played a significant role in facilitating the conceptual understanding of geometric constructs
related to the circle.

The immediate administration of the clinical interview following the implementation of the eight
instructional tasks in the first phase of this study introduced certain limitations. The limited time interval
between the two stages led students to rely heavily on the dynamic geometry environment when responding to
the interview questions, thereby restricting the originality and breadth of their reasoning. For instance, when
asked to determine the center of a circle, one student simply drew the circle using the software and stated that the
center was already visible. It is believed that, had students been given sufficient time between the two phases,
they might have distanced themselves from the technological environment and provided more elaborate and
original responses to the interview questions. Additionally, it is important for teachers to possess a solid
understanding of dynamic geometry software and to guide their students in learning how to use such tools. When
a more flexible and exploratory learning environment is established, students’ approaches and perspectives
toward geometric problem solving can be more accurately observed and interpreted. Throughout the study,
students were periodically asked about their perceptions of the dynamic geometry software, and the feedback
received was largely positive. A prominent theme in their responses was that the use of dynamic geometry tools
enhanced their visual and spatial reasoning. The ability to mentally visualize abstract geometric concepts is one
of the desired outcomes in mathematics education, and this approach appeared to support that goal. Moreover,
the findings of the study indicated improvements in students’ abilities to construct figures based on verbal or
written descriptions, make predictions, and formulate mathematical explanations. These developments are
expected to positively contribute to students’ future achievement in geometry.

5. Recommendations

In this study, students were directed exclusively to work within dynamic geometry environments, which in
turn influenced the nature of their responses. For future research, it is recommended that students not be limited
to a single type of environment and instead be provided opportunities to engage with tasks across multiple
settings. Furthermore, as this study was conducted using an action research methodology, future studies may
adopt a quasi-experimental design. For example, researchers could include an experimental group engaging with
tasks in traditional settings and a control group working in dynamic geometry environments at the same grade
level. Such a design would allow for a comparative analysis of the effects of dynamic geometry environments
versus traditional environments on students’ geometric reasoning, development, and progress.

Funding: No funding was reported for this study.

Declaration of interest: The author declares no conflict of interest.
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Geometrik Cahsma Uzaylar1 Baglaminda Lise Ogrencilerinin Dinamik Geometri
Ortamlarindaki Calismalarinin Yorumlanmasi

1. Giris

Geometrik kavramlar sadece okul yillarinda degil, yasadigimiz diinyada farkinda olmadan her an karsimiza
cikmaktadir. Cocuklar oyunlar yoluyla daha okula gelmeden geometriye iligkin birgok informal 6grenmeye sahip
olmaktadirlar. Erken yaslarda ¢ok cesitli geometrik sekillerle karsilagmakta, sekilleri ve biiytikliikleri algilamaya
baglamaktadirlar (van Hiele, 1999). Okula bagladiklarinda ise, kii¢iik siniflarda somut nesneler arasindaki
iliskileri gorebilme, bu nesnelerin birbirlerine gére pozisyonlarini tanimlayabilme 6grencilere 6gretilmektedir.
flerleyen simflarda, Ogrencilerden geometrik sekillerin  dzelliklerinin ~ karsihkli  iliskilendirilmesi,
smiflandirilmasi, geometrik yerlerin insas1 ve onlarla ilgili Onermelerin kanitlanmasit gibi davranislar
beklenmektedir. Kisacasi, bireyler yasamlari boyunca geometrik becerilerini kullanmaya ihtiya¢ duymaktadir.
Geometri hayatimizda bu denli biiyiik bir yere sahip iken hem arastirmacilar hem de 6gretmenler olarak bu alan
dogru anlamak, anlamlandirmak ve yorumlamak da biiyiik 6nem kazanmaktadir.

Giliniimiizde bilgisayar teknolojisinin siirekli gelismesi sonucunda, 6gretim yazilimlarinin hem niteligi hem
de niceligi artmaktadir. Bunlardan biri olan dinamik geometri yazilimlari sayesinde &grenciler geometrik
cizimler olusturabilmekte, geometrik sekil ve yapilarla bunlarin karakteristik 6zelliklerini ve birbirleriyle olan
iligkilerini 6grenmektedirler. Bir geometrik sekli iki veya {ii¢ boyutlu uzayda degisik acilardan
inceleyebilmektedirler. Dinamik geometri yazilimlari icinde en ¢ok bilinen ve kullanilanlar olarak GeoGebra,
Cabri ve Geometer’s Sketchpad 6n plana ¢ikmaktadir. Ozellikle son yillarda dinamik geometri yazilimlarinin
derslerde kullanilmasiyla birlikte 6grencilerin geometriye karsi ilgileri de giderek artmaya baslamistir. Nitekim
National Council of Teachers of Mathematics [Ulusal Matematik Ogretmenleri Birligi] (NTCM, 2000), okul
matematigi prensipleri ve standartlarinda, 6grencilerin geometri anlama diizeylerinin gelismesinde, dinamik
geometri yazilimlarinin dnemli ve gerekli oldugu vurgulanmaktadir. Benzer vurgular yeni matematik 6gretimi
programinda da gormekteyiz. Liseye iliskin programda odgrencilerden bu yazilimlari kullanarak 6gretmenin
hazirladig1 geometrik yapilar iizerinde etkilesimli yorumlamalar yapabilmelerinin beklenildigi ifade edilmektedir
(MEB, 2024).

Bu yeni araglar, geometrik yapilar1 olusturma ve dogrulama yontemlerini degistirerek geometri 6grenme
stirecinin dogasim1 da degistirmistir. Bdylece, gorsellestirme ve deneye yeni bir boyut katarak ogrenci
calismasinin biligsel dogasmi derinden etkilemistir (Kuzniak, 2014). Houdement ve Kuzniak (1999) bu
farkliliklar1 iki grupta Ozetlemektedir: Birincisi, bireylerin kiiglik yaslarinda daha ¢ok uzamsal bilgi ve
becerilerini kullanarak geometri yapmalarimi igeren “ilkokul tipi geometri” ikincisi ise matematigin vektorel
uzay, lineer cebir gibi daha ileri diizey alanlardaki uygulamalar1 i¢eren ispata dayali “hakiki geometri”.
Houdement ve Kuzniak (1999), geometri egitimindeki bu farklilig1 aciklamak i¢in “geometrik paradigmalar”
kavramini tanitmistir. Kuzniak, daha sonra geometrik paradigmalar ile destekledigi ve 6grenme ortaminda
calisilan geometrinin dogasini tanimlayan bir model ileri siirmiistiir (Kuzniak, 2006). Kuzniak’in "Geometrik
Calisma Uzaylarnt (GCU)" modeli geometrik bilginin edinimi ve kullamimi sirasinda farkli biligsel ve
epistemolojik diizeyleri tanimlayarak, dgrencilerin ve dgretmenlerin geometrik kavramlarla nasil etkilesimde
bulunduklarini incelemeyi amaglar (Kuzniak, 2014; Kuzniak & Richard, 2014). Model ii¢ temel ¢alisma uzay1
icermektedir: Dogal calisma uzayinda, 6grenciler van Hiele (1999) nin birinci ve ikinci diisiinme diizeyindedir
ve kigisel deneyimlerine dayanarak sekilleri ve ozellikleri dis gorlintislerine gore tanimlar; 6rnegin, liggenin
koselerinin keskin oldugu veya karelerin dort esit kenara sahip oldugu gibi gorsel algilar 6n plandadir.
Aksiyomatik ¢alisma uzayinda, 6grenciler van Hiele (1999)’nin {igiincii ve dordiincii diisiinme diizeyinde olup
onermeleri kanitlayarak ve aksiyomlara dayali ¢ikarimlar yaparak ¢aligirlar; 6rnegin, bir 6grencinin Thales’in
eslik bagmtilarii kullanarak ikizkenar {iggenin taban agilarinin esit oldugu sonucunu ¢ikarmasi gibi. Bu iki
calisma uzayindan farkli olarak modelde bir de aragsal ¢alisma uzay1 yer almaktadir. Bu ¢aligma uzayinda
ogrenciler sezgisel ve aksiyomatik yaklasimlar1 birlestirerek geometrik yazilimlar1 6rnegin, GeoGebra veya
cetvel ve pergel gibi araglar1 kullanarak kesifler yapar ve hem gorsel deneyimlerden hem de formal ispatlardan
yararlanir.

Bu arastirma, bir lise 6gretmeninin Kuzniak vd.’in (2016) modelini kullanarak dgrencilerinin hangi ¢aligsma
uzayinda bulunduklarini daha derinlemesine analiz ederek uygun Ogretim stratejileri gelistirmek arzusundan
ortaya c¢ikan bir calismadir.

1.1. Teorik Cerceve

Bu béliimde ilk olarak Kuzniak vd.’nin (2016) modelindeki geometrik paradigmalar, farkli geometriler ve
GCU ele alinacaktir.
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1.1.1. Geometrik Paradigmalar ve U¢ Temel Geometri

Geometrik paradigmalar, geometri alaniyla ilgili problemleri ¢dzen kisilerin ¢aligmalarini anlamak amaciyla
on plana cikarilmaktadir (Houdement & Kuzniak; 1999, 2003). Bireyler problemlere iliskin ¢odziimlerini
olusturmak ve diger insanlarla paylasmak icin ortak bir inang, teknik ya da uygulama biitiiniine ihtiya¢ duyarlar.
Bu ihtiya¢ onlarin benimsemeleri paradigma ile dogrudan iligkilidir (Kuhn, 1966). Nitekim insanlar ayni
paradigmaya sahip olduklarinda daha kolay ve anlamli iletisim kurabilirler. Tersine, farkli paradigmalar kavram
yanilgilarini tetikler, bazi anlarda ise tam bir yanlis anlamaya sebep olabilir (Kuzniak, 2014; Kuzniak, &
Rausher, 2011). Ornegin; geometride sekilleri kullanma ve anlamlandirmada benimsenen paradigma yol
gosterici olmaktadir. Bazen geometrik bir sekil 6l¢gme sonucunda elde edilen verilerden bagimsiz sadece kendi
Ozellikleriyle de algisal olarak anlasilabilmektedir. Bu ¢esitli, kimi zaman ise geligkili bakis agilarini ortaya
¢ikarma ve smiflandirmada geometri 6gretiminde farkli paradigmalar kabul gormiistiir (Kuzniak, & Nechache,
2021). Boylece okul diizeyinde Ogretilen geometriyi incelemek igin {i¢ geometrik paradigmadan
bahsedilmektedir: Dogal geometri (Geometri 1); gercek ve duyarli (hissedilebilir) bir uzay1 igermektedir. Bu
geometride ispat yapilirken ¢izim aletleri veya katlama, kesme gibi tekniklere siklikla bagvurulmaktadir
(Kuzniak, 2014). Boylece mekanik ve deneysel ispat onem kazanmaktadir. Geometrinin gilinliik hayat
problemlerini ¢dzmede araglar sagladigt anlayistyla paralellik gostermektedir (Kuzniak, 2018). Dogal
aksiyomatik geometri (Geometri I1); temelleri Oklid geometrisine dayanmaktadir, gergekle biitiinlesmeden ona
yaklagsan bir uzayr icermektedir. Bu geometride ispatlarin gecerli olmasi igin aksiyomlar sistemi iginde
gelistirilmesi gerekir. Geometrik nesnelerin (6rn. sekillerin) tanimlari ger¢ek ve somut nesnelerin bazi
ozelliklerine odaklansa bile, bu nesneler Oklid geometrisindeki idealize nesneler ve aksiyomatik yapidan olusur;
dolayistyla tanimlar itibariyle kabul edilirler (Kuzniak, 2014). Formalist aksiyomatik geometri (Geometri I11);
okul matematiginde yer almayip ancak ileri matematik egitimi almis bireylerin karsilasabilecegi bir geometridir.
Bu geometride nesneler teoriktir. Aksiyomlar sistemi gergek uzaydan kopuktur; ancak merkezi bir role sahiptir.
Oklid dis1 geometrilerin ortaya ¢ikmasini saglayan bu paradigmada daha g¢ok mantiksal problemlerle ilgilenilir
(Kuzniak & Rauscher, 2011). Bu paradigmalar gelisimsel bir ¢izgide ele alinmamustir; yani paradigmalar
arasinda hiyerarsik bir diizen bulunmamaktadir. Her bir paradigmanin kendine 6zgii bir ¢aligma alani vardir ve
kisilerin problemi ¢6zmede kullandigi ydntem, problemin amaci ve benimsedigi paradigmaya bagli olarak
degismektedir (Kuzniak, 2018).

1.1.2. Geometrik Calisma Uzaylart

GCU modeli, ii¢ farkl1 paradigma arasindaki ayrima dayali olarak gelistirilmistir (Artigue, 2016). Ogrenciler
geometrik problemleri ¢ozmeye calisirken farkli paradigmalar arasinda tekrarli gecisler yaparlar. Ornegin, sekil
ve araglar1 bir bilgi kaynagi veya bazi 6zelliklerin ispatlanmasi gibi ¢esitli sekillerde kullanabilirler (Gomez-
Chacon, & Kuzniak, 2015). Okul diizeyindeki geometri 6gretimi esnasinda gozlemlenen ve farkli paradigmalar
tarafindan yonlendirilen bu g¢alisma bi¢imlerini sistematik bir sekilde agiklamak i¢in GCU modelinin temeli
atmistir (Kuzniak, 2006). GCU, birey ile geometrik bir problem arasindaki etkilesimi yansitan soyut bir ortam
olarak diisiiniilebilir. Bu ortam dgrencinin problemi ¢ozerken gosterdigi ¢alismanin karakterizasyonuna yardimei
olmaktadir. Bununla birlikte, GCU'nin yapisi, egitim sistemine (amaglanan veya referans GCU), okul kosullarina
(uygulanan veya uygun GCU) ve uygulayicilara (6grencilerin ve ogretmenlerin kisisel GCU) gore
degismektedir.

Ogrencinin geometrik ¢alismasinin 6zelliklerini tanimlamak igin problem ¢dzmenin hem epistemolojik hem
de bilissel yonleri dikkate alinir. Bu yonler, GCU modelinde birbirleriyle baglantili iki diizlem olarak
diizenlenmistir: Calisilan alanin matematiksel igerigiyle (burada geometri) dogrudan iligkili olan epistemolojik
diizlem ve geometrik problemleri ¢dzen bireylerin disiincesiyle ilgili bilissel diizlem (Sekil 1.a). Geometrik
calismay1 epistemolojik yoniiyle ele alip agiklamada tamamen geometrik kriterlere gore olusturulan ig
etkilesimli bilesen 6nemli olmaktadir: Temsil, ¢izim araclari ve nesnenin anlami. Bu bilesenler araciligiyla
Ogrenme-ogretme siireci geometrinin dogasina uygun olarak diizenlenmektedir. Temsil, bir dizi somut ve gercek
temsilleri igermektedir. Cizim araglari;, belli ¢izim araglart veya yazilimlart kullanarak olusturulan ¢izim
araglarini kapsamaktadir. Nesnenin anlami, ise ¢izim araci olarak olusturulan tamimlarin, 6zelliklerin, iligkilerin
ve Onermelerin anlamlarina isaret etmektedir (Kuzniak & Nechache, 2021). Bununla birlikte, bireylerin
geometrik problemler karsisinda bilgilerini nasil kullandiklarini1 anlamak i¢in GCU modelinin biligsel diizlemine
odaklanilmistir. Bu diizlem, geometri alaniyla ilgili 6zellikleri igeren epistemolojik diizlem ile yakindan iliskili
olup epistemolojik diizlemin bireyin zihnindeki yansimasi olarak diigiinebilir. Geometride problem ¢dzmeyle
ilgili biligsel stirecleri agiklamak i¢in bu diizlemde Duval’in (2005) yaklasimi ele alinmigtir. Boylece Duval’den
(2005) uyarlanan gorsellestirme, insa ve ispatlama bilesenleri diizlemin temel elemanlart olarak gortilmektedir.
Gorsellestirme; sembollerin ¢oziimlenmesi ve yorumlanmasi ile ilgilidir. fnsa; kullanilan ekipman ve ilgili
tekniklere bagl bir inga siirecidir. Son olarak, ispatlama; dogrulamayi igeren ve teorik bir referansa dayanan
stirectir. Tutarli ve tam bir geometrik calisma saglamak icin biligsel ve epistemolojik diizlemlerin birlestirilmesi
gerekir. Kuzniak vd.’e (2016) gore diizlemlerin birlestirilmesi Sekil 1.a’da sematize edildigi gibi ii¢ temel
olusum araciligiyla miimkiin olmaktadir. GCU modeli, semiotic (gosterimsel), instrumental (aragsal) ve
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discursive (soylemsel) olusumlarla birlikte bir iiretim siireci (belirli akil yiiriitme bigimleri, karar verme vb.)
olarak karakterize edilir (Kuzniak & Nechache, 2021). Gosterimsel olugum, somut nesnelerle geometrik
nesnelerin birlikte ¢aligma isleyisini saglar (Gomez-Chacon & Kuzniak, 2015). Duval (2005), bu siiregle ilgili iki
calismadan bahsetmektedir: Birincisi sekillerin algisal olarak taninmasiyla iliskilendirilirken, ikincisi ise
sembolik bir nesne olarak sekil fikriyle sembollerin daha soyut bir yorumuyla ilgilidir. Aragsal olusum, ¢izim
aracinin inga siirecinde ise kosulan bir doniisiimdiir. Bu doéniisiim sirasinda iki yonden bahsedilmektedir:
Yukariya dogru ¢izim araglarindan geometrik yerin insasina gegis yapilirken; asagrya dogru, geometrik yerden
bir geometrik inga siirecinde kullanilan bir aracin se¢imi ve dogru kullanimina gegis s6z konusudur (Gomez-
Chacon & Kuzniak, 2015). Ispatlama ilgili sdylemsel olusumda; matematiksel akil yiiriitmede kullanilan
Ozelliklere anlam verilir. Bu olusum, iki yonlii bir dogrulama siirecini igermektedir. Nesnenin anlami
cergevesinde yapilandirilmig 6zellikler tizerinden desteklenen tiimdengelimli veya bunun tersi, nesnenin anlami
cercevesine dahil edilebilecek 6zelliklerin ve teoremlerin tanimlanmasidir (Gomez-Chacon & Kuzniak, 2015).

GCU modelinin islerligi, epistemolojik ve biligsel diizlemlerde yer alan tekil bilesenler arasindaki bir
birliktelik olarak degil, iki veya {i¢ olusum tarafindan etkinlestirilen baglantilar olarak anlagilmalidir. Farkli
olusumlar ayr1 ayri ¢aligmayip, geometrik ¢alismaya bir anlam vermek igin birbirleriyle etkilesime girmeleri
gerekir. Kuzniak ve Richard (2014), her bir diizlemi meydana getiren iki olusumun varligiyla tanimlanan {i¢
dikey diizleme vurgu yapmaktadir (Sekil 1b): Gosterimsel ve Aragsal olusum [GoOs-Arg] (bir geometrik
diisiincenin sembollerle temsil edilmesi ve somut (¢izim araclar1 veya yazilimlar gibi) araglarla olusturulmasi),
Gosterimsel ve Soylemsel olusum [G6s-Syl] (Bir geometrik diisiincenin gorsel ve dilsel araglarla olugturulmasti),
Aracgsal ve Soylemsel olusum [Ar¢-Syl] (bir geometrik diisiincenin hem aragsal hem de dilsel yontemlerle
birlikte olusturulmas).

[G6s-Arg], diizleminde iki temel galisma bigimi gdzlemlenebilir. Bunlardan ilki, belirli kosullar1 saglayan
geometrik sekillerin insasina odaklanirken, ikincisi, kullanilan araglar ve ¢izim araglari (artifact) tarafindan
saglanan verilerin yorumlanmasina yoneliktir.

[G0s-Syl], diizleminde ise, yaklasimin dogasi gosterimsel veya sdylemsel bilesene verilen oncelige bagli
olarak degisir. Eger odak noktasi gosterimsel boyutta ise, gorsel doniisiimler c¢izimlerin tanimlanmasini
yapilandirir ve algisal akil yiiritmeyi sekillendirir. Buna karsilik, eger odak noktasi ozelliklere dayali
varsayimsal ¢ikarimlar ve tiimdengelimli ispat siireci ise, sekiller ve gorsellestirme daha ¢ok sezgisel bir rol
iistlenir.

[Arg-Syl], bu diizlemde can alici nokta, ispatin deneye mi yoksa salt tiimdengelimli gerek¢elendirme mi
dayali oldugu sorusudur. Araclar tarafindan saglanan verilerden sonuclar ¢ikarilirsa, deneysel bir ispat soz
konusudur. Diger bir sekilde, ispat teorik bir referansa dayaniyorsa, geometrik durumlari gostermek veya
olusturmak igin araglar kullanilir.

O « o

[Gos-Syl]
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\ /
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Biligsel Duzlem
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Sekil 1. (a) GCU modeli; (b) Dikey diizlemler (Kuzniak vd., 2016, s. 725-727)

1.2. Arastirmanin Gerekgesi ve Onemi

Uzun yillardir devam eden meslek hayatim siiresince anlattigim matematik derslerinde 6grencileri belki de en
cok zorlayan konunun geometri oldugunu sdyleyebilirim. Ogrenciler &zellikle geometrik sekil ve yapilarin
ozelliklerini teoremler yardimiyla arastirma, bu yapilar iliskilendirmede ve farkli uzaylarda incelemede
zorluklar yasamaktadir. Bu zorluklar her yil karsima gelen dgrencilerde aynmi sekilde ortaya ¢ikmaktadir. Buna
paralel olarak geometri derslerinin islenisinde birtakim giigliikkler dogmaktadir. Bunlardan birkagi, 6grencilerin
geometrik sekillerin ve uzaydaki iligkilerin somut bir gekilde nasil isledigini zihninde canlandiramamasi,
geometriye karsi onyargili olmalari ve motivasyon eksikligi olarak gosterilebilir. Zaman i¢inde bu giigliikleri
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gidermek i¢in ¢esitli alternatifler {iretmeye ¢alistim. Nitekim bunlarin baginda hayatimizin her alaninda yer alan
teknoloji gelmektedir.

Ortaokuldan liseye gelen dgrencilerin bilginin sezgi, alg1 ve deneysel dogrulama iizerine insa edildigi dogal
geometriden, ideal nesnelerin Ozelliklerinin akil yiiriitme siireglerinde kullanilmasini gerektiren dogal
aksiyomatik geometriye gecmeleri beklenmektedir (Caliskan-Dedeoglu, 2016). ilgili ¢alismalar, GCU modelinin
gorsellestirme ve insayr iceren (GOs-Arc diizlemi) siireclerde dinamik geometri yaziliminin katkisini ortaya
koymaktadir (Coutat & Richard, 2011). Dinamik geometri yazilimi, geometri egitimi alanina girerek geometriyi
statik bir yapiya sahip olan kagit-kalem siirecinden kurtarip bilgisayar ekraninda dinamik bir hale getirmis,
Ogrencilere soyut yapilar lizerine daha fazla yogunlagsma imkani saglayarak aksiyomatik geometriye gecisi
kolaylastirmaktadir (Giiven & Karatas, 2003). Ogrenciler arastirma ortami igerisine rahatca girerek kesfetme,
varsayimda bulunma, test etme, formiile etme, agiklama olanaklarina sahip olmustur. Bu agidan bakildiginda,
ogrencilerin matematiksel bilgilerine ve biligsel kapasitelerine gore daha once dgrendikleri bilgiler ile yeni
teknolojinin sundugu uygulamali bilgilerden dogan ¢alismanin niteliginin artti§i ortaya ¢ikmaktadir.
Ogretmenlik mesleginin i¢inde oldugumdan &grenciler tarafindan yiiriitiilen geometrik ¢aligmalar1 yakindan
gozlemleme firsatim oldu. Bununla birlikte, sinif i¢inde 6grencilerin ¢aligmalarini sekillendiren, gelistiren farkll
ogretim teknikleri de kullandim. Yaptigim bu c¢aligmalart gozlemlerle degerlendirerek Ogrenciler tarafindan
yiiriitiilen ¢aligmalar1 anlamaya ¢alistim. Ogretmen olarak smif i¢inde bir problemin ¢dziimiinii derin bir sekilde
incelememe olanak taniyan eylem aragtirmasini ¢calismamda kullanmaya karar verdim.

GCU oldukca yeni bir teoridir. Bu teorinin yapilan uygulamalarla gozden gegirilmesi, genisletilmesi,
iyilestirilmesi 6nemlidir. Uluslararasi literatirde GCU’na yonelik sinirli ¢alismalar Kuzniak ve arkadaslari
tarafindan yiiriitiilmiistiir (Kuzniak, 2006, 2014, 2018; Kuzniak & Rauscher, 2011; Kuzniak & Richard, 2014;
Kuzniak, Tanguay & Elia, 2016; Kuzniak & Nechache, 2021). Ulkemizde ise bu yonde smirli ¢alisma
bulunmaktadir (imamoglu vd., 2023). Bu anlamda yapilan bu eylem arastirmasmin olusan boslugu dolduracag
diisilmektedir. Eylem arastirmasiyla kendi siifimda uyguladigim 6gretme teknikleri sonucunda &grencilerin
geometrik calismalarini gozlemledim. Yillara gore farkl stratejiler kullanarak anlattigim geometri konularinda
ogrencilerin geometrik calismalarini nasil gerceklestirdiklerini kesfetmeye calistim. ilk yillarda hazirladigim
etkinliklerle 6grencilerin geometrik caligmalarindaki ilerleyisini izledim. Bu etkinliklerde 6grenciler sadece
verilenleri kullantyor ve basit diizeyde ispatlar yapmaya calisiyorlardi. Bu tiir uygulamalarin 6grencilerin
geometrik caligmalarinda bilissel agidan 6nemli bir degisime sebep olmadigini gézlemliyordum. Bu eylem
arastirmasinda matematik derslerine teknolojiyi katarak dinamik geometri yazilimi ile hazirlanan etkinliklerin
ogrencilerin geometrik caligmalarini nasil etkileyecegi sorusuna cevap aranmaktadir. Arastirmanin sonuglariin
Ogretmenlerin &grencilerinin geometrik ¢alismalarini planlarken uygun stratejiler belirlemelerine, miifredat
gelistiricilere ve arastirmacilara yeni O0grenme ortamlar1 olusturmak i¢in 6nemli ipuglari sunma potansiyeli
oldugu distiniilmektedir.

1.3. Arastirmanin Amaci

Dinamik geometri yazilimlarinin kullanildigi 6grenme ortamlarinda 6grencilerin geometrik g¢alismalarim
Kuzniak vd.’in (2016) modeline goére derinlemesine analiz etmek bu arastirmanin temel amacidir. Bu amaca
paralel olarak arastirmada ele alinan problemler asagidaki gibi ifade edilmektedir:

Dinamik geometri yazilimini temel alan matematik dersleri, lise 6grencilerinin geometrik ¢alismalarini nasil
etkilemektedir?

2. Yontem

Bu boliimde arastirmanin deseni, ¢aligma grubu, siiregte uygulanan etkinlikler, veri toplama araglar1 ve
verilerin analizi yer almaktadir.

2.1. Eylem Arastirmasi Siireci

Bu arastirmada, dinamik geometri yazilimi ile donatilmis bir ortamda ¢ember konusunun &gretilmesinin
Ogrencilerin geometrik c¢aligmalarint nasil etkiledigi eylem arastirmasi yaklagimi ile anlasilmaya ¢aligilacaktir.
Eylem aragtirmasi, verilerin sistemli bir sekilde toplanmasi ve analiz edilmesini, 6§renme-6gretme siirecinde
yasanan problemlerin ortaya ¢ikarilmasini veya var olan bir problemin ¢dziilmesini igeren, arastirmacinin algi ve
yorumlarini veri olarak kabul eden nitel bir arastirma yaklasimidir (Cepni, 2014). Eylem arastirmasimin en
o6nemli varsayimi, Ogretmenlerin kendi uygulamalar1 hakkinda en iyi bilgi sahibi olabilecekleri ve egitim
ortamini iyilestirmeye doniik en etkili 6nlemleri yine kendilerinin alabileceklerine dayanmaktadir. Bu bakis
acisi, eylem arastirmasinin teori ve pratigi birbirine yaklastirarak aradaki boslugu dolduran 6nemli bir arag
olduguna isaret etmektedir (Johnson, 2002).

Eylem arastirmasi, basit bir problem ¢6zme siireci degildir. Problem ile ilgili bilgi toplanmasi, problemi
cozecek orjinal fikirlerin ortaya konularak uygulanmasi ve uygulamalarina elestirel bir bakis agisiyla
yansitilmasini igeren sistematik bir siirectir. Tomal (2003) eylem arastirmasi siirecini bir hekimin bir hastay1
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tedavi ederken kullandigi yaklasima benzetmektedir. Doktor, oncelikle hastanin sikayetine dayali olarak
problemi belirler, bir dizi tibbi teshis testi yapar (veri toplama), bu testlerin sonuglarini hastayla tartisir (analiz ve
geri bildirim), tedaviye karar verir ve uygular (planlama ve eyleme ge¢me) ve ardindan hastanin durumunu
degerlendirir. Bu arastirmada da benzer asamalar gergeklestirildi. Bir arastirmaci olarak, yillar i¢cinde yaptigim
gozlemler sonucu Ogrencilerimin bir¢ogunun geometriyi d6grenirken oldukca zorlandiklari, derse karst motive
olamadiklar1 ve sorulan sorulara yeterli cevaplar tiretemediklerini fark ettim. Bu durum 6grencilerin geometrik
diistinme siireglerini ve ¢alismalarin1 olumsuz ydnde etkileyen ciddi bir sorun olarak karsima ¢ikmustir. Bu
sorunun istesinden gelebilmek icin geometri derslerimde dinamik geometri yazilimlar1 kullanmaya ve olusan
yeni Ogrenme ortamlarinda Ogrencilerin geometri 6grenme adina biligsel yasantilarini analiz etmeye karar
verdim. Bu amagla etkinliklerin tasariminda, uygulanmasinda ve verilerin analizinde baska bir arastirmaciyla is
birligi yapmaya karar verdim. Ozellikle miifredatta yer alan ve &grencilerin 6grenme giicliigii yasadig
konulardan birisi olan g¢ember konusunun Ogretimiyle ilgili etkinlikler tasarlandi. Uygulamadan Once
ogrencilerin geometrik diigiinme diizeyleri hakkinda genel bir fikir edinmek amaciyla van Hiele Testi kullanildi
(Baki, 2020).

Dinamik geometri yazilimi ile desteklenmis etkinliklerin etkisini daha net bir sekilde ortaya koyabilmek i¢in
yansitict glinliikler ve gozlemlerden yararlanildi. Bu sayede etkinliklerin uygulanmasi sirasinda aksayan veya
yolunda gitmeyen durumlarla ilgili degerlendirmeler daha ayrintili yapilabildi.

2.2. Calisma Grubu

Bu calismanin orneklemini, Tiirkiye’nin bir devlet lisesinde 6grenim gdren 6 adet 11. sif &grencisi
olusturmaktadir. Ogrencilerin hepsinin cinsiyeti kizdir. Bu 6grenciler iilke genelinde yapilan merkezi smav
sonucunda orta diizeyde bir basartya sahip olup sayisal agirlikli dersler almaktadirlar. Bu ¢alismada
katilimcilarin gergek isimleri yerine Oy, O, O3, 04, Os, O¢ seklinde kodlar kullanilmistir.

2.3. Arastirmacinin Rolii

Bu calismay1 iki arastirmaci yiiriitmiistiir. Arastirmacilar c¢alismanin ilk asamasinda dinamik geometri
yazilimina yonelik etkinlikleri birlikte tasarlamistir. Etkinliklerin uygulamasi olan ¢aligmanin ikinci agamasinda
birinci yazar aragtirmaci 6gretmen olarak dersleri yiiritmiigtiir. Ayni1 anda iistlendigi aragtirmact 6gretmen roli
sayesinde Ogrencilerin geometrik ¢alismalar1 hakkinda yeterli gdzlem yapma imkani bulmustur. Ogrenme
stirecine iliskin alan notlar1 arastirmaci Ogretmen tarafindan yansitici giinliikler esliginde kaydedilmistir.
Uygulama sonrasi, iki arastirmaci birlikte 6grencilere sorulacak ii¢ geometri sorusunu belirlemistir. Daha sonra,
dinamik geometri yaziliminin oldugu ortamda 6 grenciye bu sorular sorularak klinik miilakatlar yiritilmiistir.
Ikinci arastirmaci klinik miilakatlar1 video kaydina almis ve kayitlar iki arastirmaci tarafindan degerlendirilerek
Kuzniak vd.’in (2016) modeline gore analiz edilmistir.

2.4. Arastirmanin Tasarim

Smif ortaminda yasanan bir problem bu eylem aragtirmasinin baslangic noktasint olusturmaktadir.
Arastirmac1 Ogretmen doktora egitimi sirasinda almis oldugu derslerde, dinamik geometri yazilimi olan
Geogebra’nin 6gretim ortaminda nasil ve ne amagla kullanilabilecegi konusunda arastirmalar yapmustir.
Etkinliklerin hazirlanmasinda ilk olarak ortadgretim matematik Ogretim programinin genel amaglarini,
matematik 11. smifta dgretilen konulari inceledim. Ikinci olarak, Geogebra yazilimini kullanmaya en uygun olan
konularin se¢imini yaptim. Son olarak, 6gretim programinin genel amaglarini, ders kitabindaki konular ve
kazanimlar1 es zamanli olarak inceledim ve g¢ember konusunun en uygun konu olduguna karar verdim. Bu
baglamda Milli Egitim Bakanligi (MEB) kaynak kitaplarinda yer alan iceriklerden ve MEB acik erisim
kaynaklarindan uyarlayarak 8 adet etkinligi (URL-1, 2022) uzman goriisii alarak tasarladim. Etkinlikler Ek 1°de
yer almaktadir. Etkinliklerin tamami &grencilerin Geogebra iizerinde uygulamalar yapmalarina, g¢ember
konusunu kesfederek 6grenmelerine yardimei olmaktadir. Cember konusu ile ilgili etkinlikler yapilirken dgrenci
calismalarinin ekran goriintiisiinii aldim. Uygulama kapsaminda kullanilan etkinliklerin adlari, hangi konu
icerisinde yer aldig1 ve etkinlik siiresi ile ilgili bilgilere Tablo 1’de yer verilmistir.

Tablo 1. Siiregte Uygulanan Etkinlikler

Etkinlik Adi-No Etkinligin Konusu Siire (ders saati)

Oriimcek Agi1-Etk 1 Merkez Ac1 ve Cevre Act 40 dK (1 ders saati)
Tekerlek- Etk 2 Cemberde Teget-Kirig-Cap-Yay ve Kesen 40 dK (1 ders saati)
Tahliye Borulari-Etk 3 Teget-Kiris A¢1 40 dK (1 ders saati)
Kanevige Kasnagi-Etk 4 Cemberde I¢ A1 ve Dis Aci 40 dk (1 ders saati)
Atik Su Aritma Projesi- Etk 5 Cemberde Kirisin Ozellikleri 40 dK (1 ders saati)
Cephane Teslim Rotalari- Etk 6 Bir Cemberle Bir Dogrunun Durumlari 40 dK (1 ders saati)
Gemi Rotalari-Etk 7 Teget ve Teget Parcasi 40 dK (1 ders saati)

Bilezik Kaplari-Etk 8 Tegetler Dortgeni 40 dK (1 ders saati)
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Sekil 2. Sinif ortaminda etkinliklerin uygulanmasindan kesitler

Uygulama 8 ders saati siirmiistiir ve toplamda 3 haftalik bir siirecte tamamlanmustir. Siire¢ igerisinde gézlem
yaparak Ogrencilerle ilgili olarak siirekli yansitici giinliikk tutmaya c¢alistim. Eylem arastirmalarinda 6gretmen
katilimer gozlemler yapar. Bu arastirmada dgrencilerin etkinliklere tepkilerini dogal seyrinde izlenerek dnemli
goriilen durumlar1 kayit altina aldim. Ayrica uygulama siiresince dersimin oncesinde ve sonrasinda giinliik
tutarak 6grenciler ilgili yorumlarimi yansitmaya ¢alistim. Bu durumu gosteren drnek bir kesit agagida verilmistir:

(Cephane Teslim Rotalari- Etkinlik 6)

Ogrencilerin en ¢ok zorlandiklari etkinliklerden biri buydu. Ogrenciler bu etkinlikte yer alan
dogrularin ne ise yarayacagimi ilk basta anlayamadilar. Bu etkinlik diger etkinliklere gére siire
olarak en uzun siiren etkinlikti. Cebir penceresi deneyimini ilk yasadiklar: etkinlik buydu. Ogrenciler
cebir penceresine etkinlikte yer alan denklemleri yazdiklarinda olusan sekilleri yavas yavas
yorumlamaya basladilar. Ogrencilerin bazilart A (+1, -7) noktasini denklemlerde yerine yazarak
biitiin dogrulart sagladigini séylemis, dolayisiyla cephaneyi ii¢ noktaya da bwrakir diye yanit
vermislerdir. Ogrencilerden birisi iki nokta arasindaki uzakhigi cetvelle élgiilebilecegini soyledi.
Daha sonra dgrenciye analitik geometri ile ilgili formiilleri hatirlayip hatirlamadigint sordum.
Ogrenci bu sorudan sonra yaptigi hatamin farkina vardi. Cebir penceresinde “x” ve *“y”leri biiyiik
yazan bazi ogrenciler dogrular yerine siirgiiler olusturdular. Daha sonra deneme-yanilma

yontemiyle harfleri kii¢iik yazarak dogrulari ¢izebildiler.

Yukarida verilen ornekte oldugu gibi giinliikklerimde uygulama esnasinda &grencilerimin tepkilerini
degerlendirmeye calistm. Geogebra ile ilgili hangi araglara basvurduklar1 hakkinda yorumlamalar yaptim.
Ogrencilerle klinik miilakatlar yiiriitiip onlarin geometrik ¢alismalarindaki ilerlemeyi tespit etmeye galigtim.

2.5. Veri Toplama Araclan

Aragtirmada 6grencilerin geometrik ¢aligmalarmi agik ve net bir bicimde ortaya koymak amaciyla klinik
miilakat sorular1 olugturulmustur. Bu baglamda ilgili literatiir taramasi, 6gretim programi, kaynak kitaplar ve
uzman goriisleri dogrultusunda 6grencilere 3 soru yoneltilmistir. Bu sorular su sekildedir:

e  Bir ¢cemberin merkezini bulunuz.
e Bir cembere disindaki bir noktadan bir teget ¢iziniz.
e Bir ¢gemberi iki es parcaya ayiriniz.

Her 6grenci ile yaklasik 15-20 dakikalik goriismeler gergeklestirilmistir. Bu goriismeler 6grencilerden izin
almarak videoya kaydedilmistir. Goriismeler esnasinda 6grencilerin sorulara cevaplart alinmis, bu cevaplarinin
sebepleri lizerine konusulmustur.

2.6. Verilerin Analizi

Aragstirmadaki 6grencilerin geometrik ¢alismalari, geometrik paradigmalar ve GCU modeli baz alinarak nitel
olarak analiz edilmistir. Tablo 2’de, “Bir ¢emberin merkezini bulunuz.” sorusuna iliskin iki Ggrencinin
cevaplarmin nasil analiz edildigi gdsterilmistir.
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Tablo 2. Ornek dgrenci cevabi analizi

Ogrencinin (varsa)
Geogebra Cizimi

Miilakat kesiti

Yorum

O: Bu soru basit geldi biraz ama.

A: Neden?

O: Bir cemberin merkezi...Zaten ¢ember
¢izdigimizde merkezi bir cember ¢iziliyor.

A: Merkez direkt bulunuyor diyorsun.

O: Evet.

A: Baska bir yol var mi sence? Ya da bu
soruyu kdgit-kalem ortaminda nasil yapardin?
0: . O sekli
kagittan  kesip ¢ikartir, sonra da iKiye
katlardim. Sonra tekrar diger taraftan
katlardim. Merkezini bulurdum.

Paradigma: Geometri I (Dogal
geometri)
Kéagida bir gember ¢izme

Olusum: Gosterimsel

Kagidi kesme-katlama (Cizim
araci)

Olusum: Aragsal

Diizlem: Gos-Arg

O: Ilk 6nce ii¢c noktadan gecen bir ¢cember
olustururum.

A: Neden boyle bir ¢izim ile basladin?

O: Ciinkii merkezini bulabilmem icin bana
dogru pargasi lazim diye diisiiniiyorum. O
ylizden A ile B noktasini kullanabilirim.
(...noktalart dogru parcasi ile birlestirdi).
Burada seyi diisiiniiyorum ashinda. Cevre aci
90 derece oldugunda gordiigii dogru capti.
Captan yola ¢citkarak merkezi bulabilirim.

A: Nasil?

O: A ile B’ye bir dik olusturdugumda buradaki
a¢t 90 derece olacak. Kesistirelim noktayt
diyerek noktalari kesistiriyor. (...Sonra agiy
6lciiyor). BAD agist tam 90 derece geldi.
Simdi 90 derecenin gorecegi bir dogru bize
capt  verecek. (..B ile D noktasim
birlestiriyor). Capimizi olusturduk. Ciinkii 90
derecenin gordiigii dogru parcast bizim
capimiza esitti. 90 derece olmasaydi BD kirig
olacakti.

Paradigma: Geometri Il
(Dogal Aksiyomatik Geometri)
Ug noktadan gegen bir cemberi
cizme (Gorsellestirme)
Olusum: Gosterimsel
Cemberde A ve B dogrulart
arasindaki a¢inin 90 derece
olmasini saglama (¢ap1 géren
cevre ac1 90 derece teoremi)
(Nesnenin anlami)

Olusum: Soylemsel

Diizlem: Gos-Syl

Tablo 2 incelendiginde, 6grencilerin sorulara iligkin miilakat esnasinda verdikleri cevaplar, iligkili olduklari
paradigma, GCU c¢ergevesinde yansittiklar1 bilesenler, hangi olusumlarin aktif olarak kullanildig: ve cevaplarin
karsilik geldigi diizlemler agisindan yorumlanmistir. Tim 6grencilerin sorulara verdikleri cevaplar bu yaklasimla
analiz edilmistir. Ayrica genel bir getele tablosu ilizerinden 6zetlenmistir. Boylece 6grencilerin her bir sorudaki
cevaplar1 degerlendirilerek geometrik ¢alismalart tanimlanmustir.

2.7. Arastirma Etigi

Bu aragtirmanin etik kurallara uygun bir sekilde yapildigi, Trabzon Universitesi Sosyal ve Beseri Bilimler
Bilimsel Arastirma ve Yaym Etik Kurulu tarafindan onaylanmistir (say1: E-81614018-050.04-2500003318).
Arastirmanin yuritildigi lise 6grencilerine oncelikle arastirma hakkinda yeterli bilgi verilmis ve cevaplarinin
sadece bilimsel amagli kullanilacagi, kisisel bilgilerin farkli kisiler ya da kurumlarla paylasilmayacagi
belirtilmistir. Ogrencilerin onay1 alindiktan sonra uygulamaya gegilmistir.

3. Bulgular

Aragtirmadan elde edilen bulgular; uygulama siireci ve uygulama sonrasi olmak iizere iki baglik altinda
incelenmistir. ilk béliim olan uygulama siirecinde dinamik geometri yazilimlarimin kullanildigi 6grenme
ortamindaki galigmalar ozetlenmistir. ikinci boliim olan uygulama sonrasinda ise ogrencilerin uygulama
stirecinin sonunda yer alan klinik miilakat sorularina verdikleri cevaplar sunulmustur.

3.1. Uygulama Siireci

Cember konusunun 6gretimine ilk olarak, merkez ag1 ve ¢evre a¢1 kavramlarini temel alan dersimle bagladim.
Bu derste dgrencilerin daha 6nce tasarladigim Oriimcek Ag1 etkinligi (bkz. EK 1) iizerinde ¢aligmalarmi sagladim.
1 ders saati (40 dk) siiren bu etkinlik, 6grencilerin 6riimceklerin takip ettikleri yollar1 Geogebra’da olusturduklar
cember iizerinde ¢izmeleri ve kesisen yollarin merkez veya c¢evre agi olma durumlarina karar vermelerini
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gerektirmektedir. Ogrenciler Geogebra’yr kullanarak etkinlik iizerinde calistilar. Sekil 3’te, dgrencilerin
cizimlerinden kesitler verilmistir.
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Sekil 3. Ogrencilerin “Oriimcek Ag1” etkinligi igin yaptiklari gizimler

Ogrenciler genel olarak etkinlikte verilen ¢emberi olusturarak oriimcegin takip ettigi yollar1 cember
iizerindeki noktalar1 birlestiren kirisleri kullanarak ¢izmistir. Ancak, bazi O6grenciler, noktalart farkli
isimlendirmesinden kaynakli ¢izimleri yapmada zorlanmustir. Ogrenciler merkez ve gevre acilari belirlerken
¢emberin iginde ¢alistiklarini fark etmislerdir. Ders esnasindaki bu gdzlemime iliskin aldigim not soyledir:

“Calismaya O5 disinda toplam bes égrenci katildi. Bu etkinlik dgrencilerin ilk Geogebra etkinligi idi.
Ogrencilerin hepsi Geogebra’da ¢emberi, noktalari yani etkinlikte istenilen sekli olusturabildi.
Arastirmact 6grencilere merkez agi ve ¢evre agilart nasil olusturacaklarim sordu. Ogrenciler kiriglerle
olusturacaklarim belirttiler. Ogrenciler merkez agimin ve ¢evre agimin ¢emberin i¢ bolgesinde kaldigim
anlamislardi. Sekilde yer alan noktalarla kendi olusturduklar: noktalarin farkli oldugundan bu nedenle
kafalarmin karistigindan bahseden ogrenciler oldu”™

Ogrencilerin merkez ag1 ve cevre aciya iliskin 6grenmelerini destekledikten sonra cemberde teget, kiris, cap,
yay ve kesen kavramlarini hedef alan Tekerlek (bkz. Ek 1) etkinligi izerinde ¢aligmalarini sagladim. 1 ders saati
stiren bu etkinlikte &grencilerin Geogebra’y1 kullanarak verilen tekerlegi olusturmalar1 ve buna iliskin bazi
sorulart cevaplamalart istenmektedir. Bu sorular, ¢ember iizerindeki farkli noktalar arasindaki iligkileri
yansitmakta ve Ogrencilerin bunlari teget, kiris, ¢ap, yay ve kesen kavramlan ile eslestirerek agiklamalarim
gerektirmektedir. Ogrenciler iliskilere dair c¢ember iizerinde ¢izimler yapmustir. Sekil 4’te dgrencilerin
Geogebra’daki ¢izimlerinden kesitler verilmistir.

0, 0, 0, Os O
Sekil 4. Ogrencilerin “Tekerlek” etkinligi icin yaptiklar1 gizimler

Ogrenciler bu etkinlikle birlikte Geogebra’yr kullanmada daha 6zgiivenli olmaya baslanugstir. Nitekim
¢emberi kolayca ¢izip, noktalar1 etkinlikte verildigi sekilde isimlendirmislerdir. Genel olarak gizimlerini teget,
kiris, cap ve yay kavramlari ile sorunsuz bir sekilde agiklamiglardir. Ancak, Sekil 4’te gorildiigi gibi
ogrencilerin kesen kavramiyla ilgili bazi zorluklara sahip olduklar agiktir. Nitekim 6grenciler kesen’i bir dogru
ile gostermek yerine, dogru pargast (kiris) ile gdstermeye calismislardir. Bu sebeptendir ki, baz1 grenciler
kesen’in hangisi oldugunu ayirt edememistir. Ders esnasindaki bu gézlemime iliskin aldigim not ise soyledir:

“Calismaya O3 disinda toplam bes ogrenci katildi. Ogrenciler bu etkinlikte bir énceki etkinlige gore
Geogebra kullanmaya daha ¢ok alismis goziikiiyorlardr. Cizim yaparken noktalar: dogru sekilde
isimlendirebildiler. Ogrenciler bu etkinlikte yer alan teget, kiris, yay, cap, yay, kesen kavramlarin
etkinlige uygun sekilde isaretlemeye ¢ahistilar. Ug ogrenci kesen kavramini tabloda dogru bir sekilde
isaretleyemedi. Diger iki 6grenci ise tablodaki tiim degerleri dogru bir sekilde doldurdu. “Kesen”
kavramiyla ilgili bazi 6grencilerin zihni karismis goziikiiyordu™

Ogrencilerin gember konusu ile ilgili temel kavramlar1 kesfederek dgrenmelerine destek olduktan sonra, bu
kavramlarm iizerine insa edebilecekleri dnemli bir diger kavram olan teget-kiris agtya odaklandim. Ogrencilerin
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teget-kiris agiy1 anlamalar i¢in Tahlive Borulart (bkz. Ek 1) etkinligi lizerinde ¢aligmalarini sagladim. 1 ders
saati (40 dk) siiren bu etkinlikte, 6grencilerin dik kesisen iki yolun igine insa edilecek havuz icin tahliye
borularini teget-kirig agilar elde edecek sekilde ¢izmeleri istenmektedir. Bununla birlikte, teget-kiris ag1 ile
gordiigii yaym Olgiisii arasinda iliski kurmalar1 da hedeflenmektedir. Ogrenciler etkinlikte verilen yapiy1
Geogebra’da olusturmustur. Sekil 5’te 6grencilerin Geogebra’daki ¢izimlerinden kesitler verilmistir.
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04 0, 04 Os
Sekil 5. Ogrencilerin “Tahliye Borular1” etkinligi icin yaptiklari gizimler
Ogrenciler olusturduklar1 cizimler iizerinde teget-kiris acilarin neler oldugu, bu agilarn merkez ag1 ile

gordiikleri yaylarin 6lgiileri arasindaki iligkileri dogru bir sekilde kavramsallagtirmiglardir. Ders esnasindaki bu
gozlemime iligkin aldigim not sdyledir:

“Calismaya O3 ve Og disinda toplam dort 6grenci katildr. Bu etkinlikte 6grenciler acilart lcerek teget-
kiris agimin olgiistintin gordiigii yaywin dlgiisiine yarisina egit oldugunu daha iyi anladiklarin belirttiler.
Ayrica merkezden gegen en uzun kirisin ¢ap oldugu bilgisini sekil iizerinde olusturduklar: kirisi merkeze
yvaklastirip uzaklastirarak kirig boylar: hakkinda yorumlar yaptilar”

Ogrencilerin cemberde i¢ ac1 ve dis ag1 kavramlarim 6grenmeleri amaciyla Kanavice Kasnagi (bkz. Ek 1)
etkinligi iizerinde ¢alismalarini sagladim. 1 ders saati i¢inde, verilen kasnak modelini Geogebra’y1 kullanarak
olusturmalar1 ve kasnak tizerindeki iplerin kesistikleri noktalarda olusan i¢ ve dis agilar1 belirlemelerini istedim.
Sekil 6’da dgrencilerin kasnak modeline iligkin Geogebra’daki ¢izimlerinden kesitler verilmistir.

0, 0, 04 Os O

=9

Sekil 6. Ogrencilerin “Kanevige Kasnag1” etkinligi i¢in yaptiklar1 ¢izimler

Bu etkinlikte 6grenciler kasnak modelini Geogebra’da ¢izme konusunda problem yasamamis olsalar da ¢izim
iizerindeki i¢ ve dis agilarin tiimiinii belirlemede bazi zorluklarinin oldugu goriilmiistiir. Ders esnasindaki bu
gozlemime iligkin aldigim not sdyledir:

“Calismaya O3 disinda toplam bes ogrenci katld.. Ogrenciler énceki iki etkinlige gore sekilleri
Geogebra’da daha hizli ¢izebiliyorlardl. Ogrencilerden yalnizca biri tiim i¢ ve dis agilart cevaplar
boliimiine eksiksiz bir sekilde yazabildi”

Bagka bir dersimde bu kez odagimiz, ¢emberde kirisin Ozelliklerini (kirigin orta dikmesinin ¢emberin
merkezinden gectigi, bir kirigin orta noktasini ¢gemberin merkezine birlestiren dogrunun kirise dik oldugu,
kiriglerin uzunluklart ile merkeze olan uzakliklari arasindaki iligki gibi) fark etme iizerineydi. Bu amagla
ogrencilerin 1 ders saati (40 dk) boyunca A#uk Su Aritma Projesi (bkz. EK 1) etkinligi tizerinde ¢alismalarimi
sagladim. Etkinlikte, gember seklindeki bir bolgenin farkli noktalarinda yer alan mahalleler arasina kanalizasyon
borulart désenmistir. Bu kanalizasyon borularina merkezden atik su tasima hatti dosenecek olup bu hattin en kisa
olmast istenmektedir. Ogrencilerinden 6ncelikle gembersel bdlgeyi ve mahalleler arasindaki kanalizasyon
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borularini Geogebra yardimiyla olusturmalarini istedim. Sekil 7°de 6grencilerin Geogebra’daki g¢izimlerinden
kesitler verilmistir.
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04 0, O, Os O
Sekil 7. Ogrencilerin “Atik Su Aritma Projesi” etkinligi igin yaptiklari ¢izimler

Ogrenciler genel olarak bu etkinlikle birlikte en kisa atik su tasima hattimin merkezden kanalizasyon
borularina dik indirilen dogru oldugunu ve bu dogrunun uzunlugunun kiriglerin uzunluguna bagli olarak
degistigini (6rnegin; uzun kirigler igin daha kisa) kesfetmislerdir. Béylece hangi iki mahalle arasindaki hattin
daha kisa veya daha uzun olacagimi belirleyebilmislerdir. Etkinlikte hedeflenen 6zellikleri kesfetmislerdir. Ders

esnasindaki bu gézlemime iligkin aldigim not sdyledir:

“Caligmaya bes ogrenci katildi. Soruyu ilk okuduklarinda ogrencilerde kafa karisikligr oldu. Bunun
nedeninin ise etkinlikte yer alan borularin (kiriglerin) uzunluklariydi. Dért égrenci ilk soru olan
“tesisten borulara ¢ekilecek hatlardan maliyeti en az olamin hangi iki mahalle arasina cekilen boru
hatti oldugunu bulunuz” sorusuna dogru yanit verdi. Bir ogrenci ise mahalle sayisi ile borunun
uzunlugunun orantili olacagin diistindiigiinii belirtti. Etkinligin sonlarma dogru sekilleri tam olarak
olusturup sorulart istenilen sekilde yamtladilar. Ogrencilerden birbirleriyle iletisimleri sonucu
Geogebra’da renk degistirme segenegini kesfederek etkinligi renkli olarak ¢izebildiler”

Bir ¢emberle bir dogrunun birbirine gére durumlarini aragtirmak igin 6grencilerin Cephane Teslim Rotalart
(bkz. Ek 1) etkinligi tlizerinde caligmalarimi sagladim. Bu etkinlikte belli bir koordinatta yer alan askeri
helikopterin, gembersel bir bolge tizerindeki farkli noktalara cephane birakmasi istenmektedir. Bunun igin
helikopterin izleyecegi {i¢ dogrusal denkleme sahip rotalar yer almaktadir. Ogrencilerden 1 ders saati iginde bu
cembersel bolgeyi ve dogrulart Geogebra’yr kullanarak g¢izmeleri, ¢gember ve dogrular aralarindaki iliskileri
matematiksel olarak belirlemelerini istedim. Sekil 8’de O6grencilerin Geogebra’daki ¢izimlerinden kesitler

verilmigtir.

4o

04 0, Os Os
Sekil 8. Ogrencilerin “Cephane Teslim Rotalar1” etkinligi igin yaptiklari gizimler

Bu etkinlik, 6zellikle dgrencilerin cebir penceresini kullanmalar1 agisindan énemli olmustur. Ogrenciler
dogrulart olusturma, noktalar arasindaki uzakliklari bulma gibi konularda birtakim zorluklar yasamistir.
Dogrularin gemberi ka¢ noktada kestigi, dogrularin ¢gemberin merkezine olan en kisa uzakligini hesaplamada
gesitli diislince tarzlariin oldugunu gézlemledim. Ders esnasindaki bu gézlemime iliskin aldigim not séyledir:

“Calismaya dort égrenci katildi. Ogrencilerin en ¢ok zorlandiklar: etkinliklerden biri buydu.
Ogrenciler bu etkinlikte yer alan dogrularin ne ise yarayacagim ilk basta anlayamadilar. Bu etkinlik
diger etkinliklere gore siire olarak en uzun siiren etkinlikti. Cebir penceresi deneyimini ilk yasadiklar
etkinlik buydu. Ogrenciler cebir penceresine etkinlikte yer alan denklemleri yazdiklarinda olusan
sekilleri yavas yavas yorumlamaya basladilar. Ogrencilerin bazilart A(+1, -7) noktasini denklemlerde
yerine yazarak biitiin dogrular: sagladigini séylemis dolayisiyla cephaneyi ii¢ noktaya da birakir diye
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Daha sonra ogrenciye analitik geometri ile ilgili formiilleri hatirlayip hatirlamadigim sordum. Ogrenci
yvaptigi yanhsin farkina vardi. Cebir penceresinde “x” ve “y”leri biiyiik yazan bazi dgrenciler dogrular
yerine stirgiiler olusturdular. Daha sonra deneme-yanilma yontemiyle harfleri kiigiik yazarak dogrular

cizebildiler”

Ogrencilerin ¢emberin digindaki bir noktadan cembere tegetler cizmelerine ve cembere cizilen teget
parcalarinin uzunluklarinin birbirine esit oldugunu kesfetmelerine yardimer olmak igin Gemi Rotalar: (bkz. EK 1)
etkinligi tizerinde ¢alismalarin1 sagladim. 1 ders saati (40 dk) siiren bu etkinlikte, okyanus iizerinde tehlikeli olan
cembersel bir bélge ve bu bdlgenin icine girmeden yol alan iki geminin izledigi rotalar verilmistir. Ogrenciler
etkinlikte verilen bu yapiy1 Geogebra’da olusturarak teget, teget pargasi ve bunlarin 6zelliklerini anlamaya
calismustir. Sekil 9’da dgrencilerin Geogebra’daki ¢gizimlerinden kesitler verilmistir.

0, 0, Os

Sekil 9. Ogrencilerin “Gemi Rotalar1” etkinligi icin yaptiklar1 ¢izimler

Ogrenciler Geogebra’nin farkli &zelliklerinden yararlanarak verilen yapiyr olusturmus ve sorulari
cevaplamislardir. Bu anlamda, cembere bir noktadan iki teget cizilebilecegi ve c¢izilen teget parcalarinin
uzunluklarinin birbirine esit oldugunu anlamislardir. Ders esnasindaki bu gézlemime iligkin aldigim not sdyledir:

“Etkinlige ii¢ 6grenci katildi. Bu etkinlikte O, ¢emberi olusturduktan sonra énce teget ikonuna sonra
cember iizerinde bir noktaya tiklayarak istenilen sekli hizli bir sekilde ¢izdi. O; ve Os ise cember
lizerinde iki nokta belirlediler. Teget ikonuna tikladilar. Ayri ayri iki teget c¢izip tek noktada
kesistirdiler. Teget par¢alarint uzunluk ikonunu kullanarak ol¢en égrenciler oldu. Bu dgrenciler ayni
zamanda arastirmacmin sorusu tizerine teget kavramint da dogru bir sekilde agiklayabildiler”

Son olarak, Ogrencilerin tegetler dortgenini dgrenmelerini desteklemek igin Bilezik Kaplar: (bkz. Ek 1)
etkinligi lizerinde ¢aligmalarini sagladim. Bu etkinlikte i¢inde gember olan farkli ¢okgensel modellerdeki bilezik
kaplarindan en popiiler ii¢ tanesinin 6zellikleri incelenmekte ve tegetler dortgeni kavramina ulasilmaktadir. 1
ders saati icinde ogrencilerin ilk olarak bu ¢okgensel modelleri Goegebra’y1 kullanarak ¢izmesi ve daha sonra
tegetler dortgenini anlamalarina yardimci oldum. Sekil 10°da 6grencilerin Geogebra’daki ¢izimlerinden kesitler
verilmigtir.

0, 0, Os
Sekil 10. Ogrencilerin “Bilezik Kaplar1” etkinligi igin yaptiklari gizimler

Ogrenciler Geogebra’nin farkli 6zelliklerinden yararlanarak verilen cokgenleri olusturmus ve tegetler
dortgeni kavramint anlamiglardir. Ders esnasindaki bu gozlemime iliskin aldigim not soyledir:

“Etkinlige ii¢c Ogrenci katildi. Bu etkinlik ¢alismamizin son etkinligiydi. Ogrencilerin bazilart bu
etkinlikte yer alan ¢okgenleri, ¢okgen ikonundan olustururken digerleri ise diizgiin ¢okgen ikonundan
olusturdular. Ogrenciler etkinlik sorularini dogru bir sekilde yanitladilar”
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3.2. Uygulama Sonrasi
3.2.1. Bir Cemberin Merkezini Bulma ile ilgili Soruya iliskin Bulgular

Bu soruyu ¢ozerken dgrenciler ii¢ farkli problem ¢dzme yaklasimi kullanmustir. Ogrencilerin yarist somut
materyaller yardimiyla ¢oziim gelistirirken (O;, 0, ve Og), 2 tanesi geometrik sekli onciil teoremlerle
destekleyerek yorum yapmustir (O3, 0,). 1 68renci ise, her iki yaklasim da kullanarak cevap vermistir (Oy).
Omegin; O5 bu soruya miilakat sirasinda sdyle bir agiklama yapmustir:

Os: Bir cember ¢izelim (Ekrana bir merkez ve nokta ile ¢ember ikonundan bir cember ¢izdi).
Eee...merkezi var. Merkezle cizdik bunu.

A: Peki ben simdi sana bunu kdgit-kalem ortaminda yap deseydim. Merkezi nasil bulurdun?
(Ogrenci diisiiniiyor)

Os: Ilk énce bir cember ¢izerim. Sonra cemberi keserek kdgittan ¢ikaririm. Katlarim, iki es parcaya
ayrilir. Ve merkezi belli oluyor katlayinca.

A: Bir kez mi katlariz? Kag kere katlamamiz lazim?
Os: Bir kez katlayinca esit iki parcaya ayriliyor.

Ogrenci ilk o6nce Geogebra programmin o&zelliklerinden yararlanarak cemberin merkezini kolayca
bulabilecegini belirtmistir. Daha sonra kagit iizerinde ¢emberin bir sablonunu ¢ikarip (gérsellestirme) katlama
yaparak (cizim araci) ¢emberin merkezini bulabilecegini belirtmistir. Benzer sekilde 0, ve 0, de bu ydnde
aciklamalar yapmistir. Bu ogrenciler de ilk olarak Geogebra yardimiyla ¢emberin kolayca ¢izilebilecegini
vurgulamistir. Daha sonra ise kagit gibi somut materyaller kullanarak ¢dziime ulagabileceklerini bildirmistir:

0,: Kdgida bir cember ¢izerdim. O sekli kdagittan kesip ¢ikartir, sonra da ikiye katlardim. Sonra
tekrar diger taraftan katlardim. Merkezini bulurdum.

0,: Kagida cemberi cizerdim. Iki kenart iist iiste gelecek sekilde katlardim. Tam ortadan ¢izilmis,
katlanmis olurdu. Cap olurdu. Tekrar diger taraftan o sekilde katlardim yine. O katladigimda
¢tkan ¢izgiye dik olacak sekilde. O zaman tam ortasi olurdu yine. Merkezimiz olurdu.

Bu 6grenciler kagit lizerine ¢ember seklini ¢izerken sekillerin geometrik ¢alismada gorsel destekler oldugu
diisiincesinden yola ¢ikmislardir. Bu baglamda gosterimsel olusum aktif hale gelmistir. Diger taraftan katlama
yontemi gibi bir ¢izim aracini tercih ederek ¢emberin merkezini geometrik olarak belirlemeye ¢aligmislardir. Bu
gecis stirecinde aragsal olusum 6nemli bir rol oynamustir. Dolayisiyla 6grenciler Gos-Arg diizlemine karsilik
gelen yorumlamalar yapmuslardir. Ogrenciler gercek ¢izim araclarina dayali olarak katlama-kesme gibi teknikleri
o6n plana ¢ikarmiglardir. Bu ise onlarin Geometri [ (Dogal geometri) paradigmasinda galistiklarim
gostermektedir.

Farkli olarak, 0, Geogebra’y1 kullanarak ¢ember seklini ¢izmis ve teoremler yardimiyla problemi ¢dzmeye
calismistir. O4’lin Geogebra tizerindeki geometrik ¢aligmasina iligkin agiklamasi soyledir:

O4: Ilk 6nce ii¢ noktadan gegen bir cember olustururum.

A: Neden boyle bir ¢izim ile basladin?

04: Ciinkii merkezini bulabilmem icin bana dogru parcast lazim
diye diistiniiyorum. O yiizden A ile B noktasini kullanabilirim
(noktalart dogru pargasi ile birlestirdi). Cevre agi 90 derece
oldugunda gordiigii dogru ¢apti. Captan yola ¢ikarak merkezi
bulabilirim.

A: Nasil?

O4: A4 ile B’ye bir dik olusturdugumda buradaki a¢i 90 derece
olacak. Kesistirelim noktayr diyerek noktalari kesistiriyor.
(...Sonra agiyt 6lgiiyor). BAD agisi tam 90 derece geldi. Simdi
90 derecenin goérecegi bir dogru bize ¢apt verecek. (...B ile D
noktasini  birlestiriyor). Capumizi  olusturduk.  Ciinkii 90
derecenin gordiigii dogru parcasi bizim ¢apimiza esitti. 90
Sekil 11. O,’in Geogebra iizerindeki derece olmasaydi BD kiris olacakn.

caligsmasi A: Cemberin merkezini bulabildik mi? Sanirim bulamadik
heniiz.

O4: Simdi capimizi bulduk. Capimizdan da orta nokta ve merkez
bulma diyor. O ikondan ortasini bulduk. (...B ve D noktalarinin
ortasini buluyor). Cemberimizin merkezini olugturduk.
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0,4, Geogebra’y1 kullanarak gelisigiizel bir cember ¢izmistir (gérsellestirme). Daha sonra cemberin merkezini
bulmak icin ¢ap1 ¢izmesi gerektigini fark etmistir. Bunun i¢in “capi goren c¢evre agmin 90 derece oldugu”
teoreminden (nesnenin anlamr) yola gikarak birbirine dik ve ¢emberi iki farkli noktada (B ve D noktalari) kesen
dogrulart bulmaya caligmistir. Bu iki noktanin birlestirilmesi sonucu ¢apin olustugunu ve ¢apin orta noktasinin
merkezi verdigini belirtmistir. Benzer sekilde O3 da bu ydnde bir ¢izim yapmis ve O, ile benzer agiklamalarda
bulunmustur. Bu &grenciler zihinlerindeki ¢ember seklini ¢izerken gdsterimsel olusum aktif hale gelmistir.
Bununla birlikte, ¢izimlerini Onciil bazi teoremler (burada c¢api goren ¢evre agi 90 derecedir) kullanarak
desteklerken de sdylemsel olusum o6n plana ¢ikmigtir. Dolayistyla Gos-Syl diizleminde bir agiklama
yapmislardir. Burada geometrik nesneler (6rn. cember sekli), Oklid geometrisindeki idealize nesneler ve
aksiyomatik yapiya dayandigindan dgrencilerin Geometri II (Dogal aksiyomatik geometri) paradigmasinda bir
¢oziim gelistirdikleri sdylenebilir. Og ise diger dgrencilerden daha farkli bir yorum getirmistir:

Og: Disardan doksan derece... Bulabilir miyim?

A: Bilemem, bulabilir misin? Dene bakalim.

06:90 dereceyi olusturduktan sonra ¢apr gorecek. Doksan
derecelik bir a¢ elde edersek ¢apt buluruz diye umuyorum.
Ogrenci bir ¢cember iizerinde dik kesisen iki dogru cizdi. Ilk
once E ile C noktasin birlestirdi. Sonra ¢apir bulamadigini fark
etti. Sonra arastirmacinin onerisi iizerine H ile C noktasini
birlestirdi. Ogrenci ¢izdigi kirislere bakarak...

Og: O zaman hepsi mi oluyor? (...Bir siire diisiiniiyor).

A: Hepsi mi oluyor? Hepsi merkezi mi veriyor? Hepsi ¢cap mi
oluyor sence?

Og: Olmad: ¢apt bulamadim.

A: Kagit ortaminda nasil yapardin? Ben sana merkezi olmayan
bir cember cizsem, merkezini bul desem?

Og: Cemberi iist iiste hem dikey hem yatay katlardim. O iki
cizginin kesigtigi nokta cemberin merkezi oluyor.

Sekil 12. Ognin Geogebra iizerindeki
caligmasi

O¢’nin agiklamasinin ¢ikis noktasi da aslinda O, ve O5 gibidir. Benzer sekilde 6grenci “cap1 géren cevre ac1
90 derecedir” teoremini diislinmiis ve birbirine dik iki dogru olusturmaya calismistir. Ancak, istedigi dik
dogrular1 bulamayinca kagit iizerinde katlama etkinligine yonelmistir. Bu ise 6grencinin G6s-Syl diizleminden
Gos-Arg diizlemine gegis yaptigi anlamina gelmektedir.

Genel olarak, 6grencilerin sorular karsisindaki geometrik ¢aligmalari asagidaki tabloda 6zetlenmistir.

Tablo 3. Soru 1 i¢in Ogrencilerin Geometrik Calismalarma iliskin Cetele Tablosu

Paradigma Olusum Diizlem

_ 2 Geol Geo Il Geo Il Gos Arg Syl
= o < %) )
an < 1 [ln ]
o 5 3 ) &

0, 041> X X X X

0, 1377 X X X X

(o 4’23 X X X X

0, 4’19” X X X X

Os 1’217 X X X X

Os 5’47 X X X X X X X

Tablo 3 incelendiginde, 6grencilerin en fazla Geometri I paradigmasina karsilik gelen cevaplar verdikleri
gorillmiistiir.  Sorularda Geometri III paradigmasina yonelik cevaba rastlanilmamistir. Tim O6grenciler
gosterimsel olusum aktif olarak kullanmuslardir. Bununla birlikte, aragsal ve sdylemsel olugumlar: kullanan
ogrenciler de olmustur. Son olarak, &grencilerin cevaplart Gos-Ar¢ ve Gos-Syl diizlemlerinde dagilim
gdstermistir. Arg-Syl diizleminde cevaplar gelistiren 6grenciye rastlanilmanmustir. Ogrencilerden bir tanesi (O)
ise dnce Geometri II paradigmasinda cevap sunmus, daha sonra Geometri I paradigmasina karsilik gelen cevap
vermistir (Gos-Syl - Gos-Arg).
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3.2.2. Bir Cembere Disindaki Bir Noktadan Teget Cizme ile ilgili Soruya iliskin Bulgular

Bu soruyu ¢ozerken dgrenciler iki farkli problem ¢ozme yaklasimi kullanmistir. Ogrencilerin 5 tanesi ¢izim
araglar1 yardimiyla ¢6ziim gehstlrlrken (04, 04, Os, 05 ve Oy), sadece 1 tanesi geometrik sekli nciil teoremlerle
destekleyerek yorum yapmustir (0,,). Ornegin; O, bu soruya asagidaki gibi bir agiklama getirmistir:

04: Teget cizecegiz. Ama disarda bir noktadan diyor. O zaman
disarida bir nokta olmasi lazim. O zaman noktaya gidelim.
Suraya bir nokta koysak... (Cemberin dis bolgesinde bir nokta
belirledi). Simdi bunlardan teget ¢izecegiz. Ya teget ikonu da
olabilir ama dogru parcasindan da olabilir.
A: Peki ikon kullanmadan nasil ¢izersin?
Oy Suradan bir cember c¢izersek, suraya bir nokta koysak
...(diyerek bir ¢ember ¢izdi ve ¢emberin dis bolgesinde bir
nokta aldi). Dogru ¢izsek mesela.
B A: Peki ilk sekli hareket ettirebilir misin? Acaba bozulup

Sekil 13. O;’in Geogebra ilzerindeki  pozulmadigina bakar misin?

¢alismasi Ogrenci ilk basta iki sekilde de tegetligin bozulmadigini
diisiinse de gsekilleri hareket ettirdikce bozulma oldugunun
farkina vard.
A: Iki seklin arasindaki fark ne sence? Ne yapsaydin ikinci
sekilde bozulmazdi?
O1: Ne yapsaydim?... (diisiiniiyor) Bilmem. Bilmiyorum galiba.
Yani teget ikonundan yapardim yine.

Ogrenci Geogebra’nin dzelliklerini kullanarak bir cembere disindaki bir noktadan teget cizme sekmesi ile
¢ozlime ulasacagini bildirmektedir. Bu sekme olmadan soruyu nasil ¢ozebilecegi soruldugunda ise, ilk olarak
gelisigiizel bir ¢ember ¢izmistir (gorsellestirme). Daha sonra Geogebra yazilimini kullanarak (¢izim araci)
¢embere farkli iki noktada teget olan dogrular olusturmaya ¢aligmistir. Bu haliyle tegetlik kosulunu saglayan bir
yap1 inga etmeye calismustir (insa). Ancak, olusturdugu yapry1 hareket ettirdiginde tegetligin saglanmadigini
gormiistiir. Bu acidan 6grenci sadece gorsellige odaklanarak, istenenleri yapmaya ¢alismistir. Benzer sekilde, O,,
Os, 0; ve 04 da ayni yorumda bulunmuslardir. Ornek olarak, bu dgrencilerden O5’iin agiklamasi asagida
verilmistir:

O3: Bir tane yine merkez ve cember ikonuna tiklayarak yine bir cember ¢izelim.
(Dogru ikonunu secerek bir noktadan ¢cembere teget oldugunu diigiindiigii bir sekil ¢izdi.)
A: Teget ikonunu kullanmadan sekli ¢izebilir misin?

Os: Cember ile iizerindeki noktay1 kesistirirsek bakalim oynama olacak mi? Ben de su an ilk
defa deneyecegim.

(...Kesistirme islemini yaptiktan sonra sekli hareket ettirdi). Yine degisiyor. Olmuyor yani.

A: Sence (ikonsuz teget cizmenin) baska bir yolu yok mudur sence? Sana kagit-kalem gorevi
verseydim bir cembere disindaki bir noktadan nasil teget ¢izerdin?
O3: Bir fikrim yok.

Bu 6grenciler gember seklini ¢izerken sekillerin geometrik ¢aligmada gorsel destekler oldugu diisiincesinden
yola ¢ikmiglardir. Bu baglamda gdsterimsel olusum aktif hale gelmistir. Diger taraftan Geogebra yazilimini
kullanarak, yani bir ¢izim aracini tercih ederek gemberin digindan gembere teget oldugunu diisiindiikleri bir yap1
insa etmeye ¢aligmuslardir. Bu gegis siirecinde arag¢sal olusum 6nemli bir rol oynamustir. Dolayisiyla 6grenciler
Gos-Arg diizlemine karsilik gelen yorumlamalar yapmislardir. Ogrenciler herhangi bir teorik temele
dayanmadan sadece goriiniisii itibari ile istenen durumu olugturmaya c¢alismiglardir. Bu ise onlarin Geometri I
(Dogal geometri) paradigmasinda ¢aligtiklarint gostermektedir.

Farkli olarak, O, Geogebra’y1 kullanarak ¢ember seklini ¢izmis ve teoremler yardimiyla problemi ¢dzmeye
calismustir. O, {in Geogebra iizerindeki geometrik ¢alismasina iliskin agiklamasi sdyledir:
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04: Cember disinda dedigi icin ilk 6nce cemberimi olustururum.

Ondan sonra disindaki bir noktadan dedigi icin burda digsardan

bir nokta belirlerim. Benden teget ¢izmemi istiyor. Teget... Teget

cembere bir noktadan degip gecen dogru parcastydi. Onun igin

ne yapabilirim?... Teget ikonundan ilk 6nce noktaya sonra

cember iizerine tikladigimda tegetlerimi olusturmug oldum.

A: Farkl bir sey diisiiniir miiydiin ya da?

O4: Ashinda sey yapabilirdik. Tegetler bizim cemberimize dik.
Sekil 14. 0,’iin Geogebra iizerindeki Bu sorunun iizerine ogrenci dogrunun ¢embere degip gectigi
calismasi noktayr gosterdi. O yiizden ¢emberden yaricaplar cizebilirdik

oradan olusturabilirdik.

A: Sonrasinda ne yapardin mesela? Yarigaplar: da olusturdun.

Sonra?

O4: Ondan sonra onlar: birlestirirdik onlart bir noktada yine.

Ogrenci Geogebra’nin ozelliklerini kullanarak teget sekmesi ile ¢embere disardaki bir noktadan teget
dogrular ¢izebilecegini bildirmektedir. Bu sekme olmadan soruyu nasil ¢ozebilecegi soruldugunda ise,
gelisigiizel ¢izdigi cembere (gorsellestirme) teget olan dogrularin yarigapa dik olmasi gerektigi teoremini
(nesnenin anlami) 6n plana ¢ikarmigtir. Bu baglamda dogrularin ¢embere teget oldugu noktayi yarigapla
birlestirdiginde (ispatlama) istenen durumun olusturulacagini belirtmistir. Bu 6grenci ¢ember seklini ¢izerken
gasterimsel olugum aktif hale gelmistir. Bununla birlikte, ¢gembere bir noktadan ¢izilen teget durumunu onciil
bazi teoremler (burada teget, ¢embere degdigi noktada yarigapa diktir) kullanarak desteklerken de sdylemsel
olusum Onemli hale gelmistir. Dolayisiyla Gos-Syl diizleminde bir agiklama yapmustir. Burada 6grencinin
Geometri II (Dogal aksiyomatik geometri) paradigmasinda bir ¢oziim gelistirdigi sdylenebilir.

Genel olarak, 6grencilerin sorular karsisindaki geometrik ¢aligmalari asagidaki tabloda 6zetlenmistir.

Tablo 4. Soru 2 i¢in Ogrencilerin Geometrik Calismalarina iliskin Cetele Tablosu

. Paradigma Olusum Diizlem
: ;g} Geo | Geo I Geolll  Gés Arg Syl . _ _
5 g < 3 3
O > 8 o =1
O &) &} <
0, 343" X X X X
0, 4547 X X X X
0, 338" X X X X
0, 27137 X X X X
0. 3517 X X X X
0 6517 X X X X

Tablo 4 incelendiginde, 6grencilerin en fazla Geometri I paradigmasina karsilik gelen cevaplar verdikleri
goriilmiistiir. Sorularda Geometri III paradigmasina yonelik cevaba rastlanilmamistir. Ogrencilerin sadece bir
tanesi (0,) Geometri II paradigmasina yénelik cevap vermistir. Tiim dgrenciler gésterimsel olusumu aktif olarak
kullanmuglardir. Bununla birlikte, arag¢sal olugumu kullanan 6grenciler de olmustur. Soylemsel olusum sadece bir
6grenci kullanmistir. Son olarak, 6grencilerin cevaplar1 Gos-Arg ve G6s-Syl diizlemlerinde dagilim gdstermistir.
Arg-Syl diizleminde cevaplar gelistiren 6grenciye rastlaniimamustir.

3.2.3. Bir Cemberi Iki Es Parcaya Aywrmak ile ilgili Soruya iligkin Bulgular

Bu soruda dgrencilerin 5 tanesi sezgileri ile hareket ederek ¢dziimler gelistirirken (04, 0,, Os, 05, 0,) sadece
1 dgrenci (Og) sezgilerini énciil teoremlerle destekleyerek bir cevap vermistir. O acgiklamalarinda somut
materyallere de deginerek daha farkli 6nerilerde de bulunmustur. Ornegin; 0, miilakat sirasinda bu soruya soyle
bir agiklama yapmustir:
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Sekil 15. O3’iin Geogebra iizerindeki
calismasi

(Ogrenci cemberi c¢izip daha sonra cemberin merkezinden
gecen bir dogru ¢izdi).

A: Peki bu ¢izdigin dogru cemberi iki es parcaya ayirdi mi
sence?

O3: Ayirdu.

A: Su an ¢emberin tizerinden mi gecirdin dogruyu sence?

03: Merkezden gegirdim.

A: Peki merkezden gecirdigin her dogru ¢emberi iki es parcaya
béler mi? Baska bir dogru daha c¢izelim (Ogrenci merkezden
gecen dogrular ¢iziyor).

A: Bunu yaptigin zaman iki es parcaya boliintir mii?

O3: Béliinmez. (Ogrencinin kafast karismisty)

A: Cemberi oynatabilir misin? Biiyiitiip kiiciiltebilir misin?
(Ogrenci sekli biiyiitiip kiiciilttii)

A: Simdi diger dogrulart silelim. Cemberden gegen tek bir
dogru kalsin (6grenci istenilen sekli yapti)

A: Simdi ¢emberi oynatalim ve yaylart 6l¢sek her zaman iki es
parca mi ¢ikar? (Ogrenci yay uzunluklarim 6lgmeyi deniyor)
*Oletiigii uzunluklar aslinda iki nokta arasi uzaklikt:.

O3: Uzunluklar farkli ¢ikti. Bu yiizden iki es par¢aya ayrilmad.

Ogrenci cemberi iki es pargaya aymrmanin merkezden gegcen dogru ile olabilecegini sezgisel olarak

diisiinmektedir. Bu baglamda merkez noktasindan gegen ve ¢emberi farkli iki noktada kesen bir dogru parcasi
¢izmistir (gorsellestirme). Daha sonra da bu dogru pargasinin ¢ap olup olmadigima dair Geogebra yazilimim

kullanarak biiyiiltme-kiiciiltme, yay uzunluklarini dlgme islemleri yapmustir (¢izim araglart). Benzer sekilde O,
ve 0, da benzer aciklamalarda bulunmuslardir. Bu 6grencilere ilaveten Os farkl bir yaklasim daha énermistir:

Sekil 16. Og’in Geogebra iizerindeki
calismasi

Os: Zaten merkezi belli ya simdi bunun. Ben merkezden gecen
bir dogru pargast ¢izsem bunu iki es parcaya ayirir. Caplart
goren yaylar esit (Ogrenci gemberin merkezinden gecen yatay ve
dikey dogru pargalart ¢izdi).

A: Bu soruyu kdgit ortaminda diigiinelim. Bir cemberi iki es
par¢aya nasil ayirirsin?

Os: Yine merkezini belirlerim.

A: Nasil belirlersin? Bir cemberin merkezi nasil bulunabilir?
Os: Pergel yardimiyla.

A: Peki pergeli nasul kullanirsin kagit-kalem ortaminda merkezi
belirlemek i¢in?

Os: Zaten pergeli kigida batirip cember olusturmak igin
cevirirken merkezini esas alarak ¢eviriyoruz ya.. Kdgida
batirdigimiz nokta direkt merkezi olur.

A: Baska bir yol var mi peki aklina gelen?

Os: Eger kagitta olsaydi kesip katlayabilirdim.

A: Nasil yapardin mesela?

Os: Kdgida bir ¢ember cizer ve cemberi kagittan keserek
ctkartirdim. Sonra onu iki es parcaya katlarsak yine iki es
parcaya ayrilirdi.

Os de baslangigta O; , O, ve O, gibi cemberi iki es parcaya ayirmanin yolunun capi belirlemek oldugunu

diisinmektedir. Bu diisiincesine ek olarak, pergel yardimiyla (¢izim araci) ¢emberin merkezini bulabilecegi ve
kagida gember ¢izme (gorsellestirme) ve Kesip-katlama (¢izim araci) yoluyla da ¢ap1 olusturabilecegini iddia

etmektedir.

Bu ogrencilerin diisiincesinden farkli olarak O,

yonelmistir:
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O4: Nasil ayiririm? Once dogru parcast olustursam. Ondan

sonra onun iizerinde bir cember belirlesem. Dogru. Ilk énce ii¢

tane nokta belirledim. Ondan sonra dogru parc¢ast ikonundan A

ve B dogru parcasini olusturdum. Ikinci bir dogru parcas

J olusturdum.

A: Dogru parc¢alarini olusturdun. Siradaki iglemin ne olacak?

O4: Cemberi iki es parcaya ayirabilmem icin bence dogru

pargalary isime yarayacak. Yani esitleyebilecek miyim ona

bakacagim. A ve B arasinda bir nokta belirledim. Kesistirdim.
Sekil 17. 0,’iin Geogebra iizerindeki Aslinda ortasim bulsak. A ile C’nin. Ondan sonra ne
(;ahsmas] yapablllrlm’7

A: Ortasini bulma sebebin ne? Neler diistiniiyorsun?

O4: Cember c¢izmeyi diisiiniiyorum. Cemberi A noktasina

cizecegim. A ile D noktasi arasi ile C ile D noktasi arasi

birbirine esit olacak. Ama bu benim ne igime yarayacak?

Ogrenci dogrulart kesistirdigi nokta olan A noktasina ¢cemberi

cizdi. Sekle bakt.

A: Aklina gelen bagska bir yol var mi?

04: Ashnda agilar Sl¢sem? (Cemberde bulunan merkez acilart

ol¢tii).

0,4, dogrulan kullanarak muhtemelen dogrular {izerinde yarigap1 olusturma ve bu dogrularin kesisim
noktasindan merkezi isaretlemeyi (gdérsellestirme) disiinmektedir. Bu sezgisel diisinme bi¢imi daha once
deginilen 6grencilerden farklilagsmaktadir.

Genel olarak, 6grenciler gemberi iki es par¢aya ayirmayi sezgisel olarak diisiinmektedirler. Kimisi ¢ap1
olusturmaya c¢aligirken, kimisi yarigap ve merkeze dair veriler elde etmeye caligmaktadir. Bu baglamda
gosterimsel olusum aktif hale gelmistir. Diger taraftan Geogebra yazilimimi kullanarak, yani bir ¢izim aracin
tercih ederek bu islemleri yapmaya ¢alismislardir. Bu gegis slirecinde aragsal olusum 6nemli bir rol oynamistir.
Dolayistyla dgrenciler Gos-Arg diizlemine karsilik gelen yorumlamalar yapmuslardir. Ogrenciler herhangi bir
sezgiye dayanarak cevaplar olusturmaya calismislardir. Bu ise onlarin Geometri I (Dogal geometri)
paradigmasinda ¢alistiklarii gostermektedir. Farkli olarak, O, miilakat sirasinda bu soruya sdyle bir agiklama
yapmuistir:

Og: Cemberin direkt ¢apini diisiiniiyorum. Yani ikiye katlarmis
gibi katlayinca olabilir.
A: Ne yapacaksin bu soruda?

' Og: Once ¢emberi ¢izeyim. Merkezden gegen bir dogru ¢gizersem
o iki es parcaya ayrilabilir.
A: Cemberi ya da dogruyu siiriiklesek her zaman iki es parcaya
béliinmiis olur mu sence? (Ogrenci dogruyu siiriikledi).
Og: Aaa.. Olmad.
A: Peki ¢cemberi iki es par¢caya aywrmak igin baska bir yol var
mi sence?
Og: Cevre agi ¢izdikten sonra ¢evre act 90 derece oldugunda
Sekil 18. Og’nin Geogebra iizerindeki gordiigii, elde ettigimiz iiggen tam ¢apr oluyordu. Once bir
caligmasi cember ¢izeyim. Cemberi kesen bir dogru ve bu dogruya dik bir
dogru ¢izeyim. (Ogrenci agiy1 6lcerek dogrular arasinda kalan
a¢wmin 90 derece oldugunu teyit ediyor). Surast ¢ap oluyor. (I ve
J noktalarim géstererek). Cemberi iki es par¢aya boldiim.
A: Peki kagit-kalem ortaminda bir ¢emberi iki es parcaya aywr
desem nasil yapardin?
Og: Cemberin en alt ucundan bagslayip kirisler ¢izerdim. Daha
sonra en uzununu belirleyip...
A: En uzununu nasil belirlerdin bu kirislerin?
Og: Bilmiyorum. Baska kagidi katlardim. Kégidin ortasina
cember cizer, cemberi kesip ¢ikarirdim. Ikiye katlardim.

Og, gemberi iki es parcaya ayirmak igin capi ¢izmenin (gérsellestirme) gerekli oldugunu diisiinmektedir.
Bunun i¢in “cap1 goren ¢evre a¢1 90 derecedir” teoreminden (nesnenin anlami) yola ¢ikarak birbirine dik
dogrular insa etmis ve bunlar arasindaki aginin 90 derece oldugunu teyit etmistir (ispatlama). Bagka bir yaklagim
olarak, ¢emberin en ucundan baglayarak kirisler ¢izme, kagida ¢cemberi ¢izme (gorsellestirme) ve bu ¢emberi
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kesip ¢ikararak ikiye katlama (¢izim aract) gibi onerilerde bulunmustur. Bu 6grenci ilk kisimda, ¢gemberi iki es
parcaya ayirmanin, c¢emberin tam ortasindan (merkezinden) gecen bir dogru/dogru parcasit (cap) ile
saglanabilecegini sezgisel olarak diisiinmektedir. Buradaki eylemlerinde daha ¢ok gdsterimsel olusum aktif hale
gelmektedir. Bununla birlikte, cemberin ¢apini insa etmede dnciil bazi teoremleri (burada ¢ap1 goren ¢evre aci
diktir) kullandigindan sdylemsel olusum 6nemli hale gelmistir. Dolayisiyla Gos-Syl diizleminde bir agiklama
yapmigtir. Burada 6grencinin Geometri 11 (Dogal aksiyomatik geometri) paradigmasinda bir ¢6ziim gelistirdigi
sOylenebilir. Diger taraftan, 6grenci Onerdigi iki yaklagimda Geometri I (Dogal geometri) paradigmasinda
aciklama yapmistir. Cemberin en alt ucundan baglayarak kirisler ¢izme esnasinda gédsterimsel olusum aktif hale
gelirken, bu kirigslerden en uzunu ¢izmede aragsal olusum kullanilmaktadir. Bu ise G&s-Ar¢ diizlemine gegis
yaptig1 anlamina gelmektedir. Benzer sekilde, ¢emberi ¢izme esnasinda gosterimsel olusum, ¢izilen ¢emberi
keserek katlamada ise aragsal olusum 6nemli olmaktadir. Boylece 6grenci yine Gos-Arg diizleminde bir cevaba
gecis yapmaktadir.

Genel olarak, 6grencilerin sorular karsisindaki geometrik ¢aligmalari asagidaki tabloda 6zetlenmistir.

Tablo 5. Soru 3 i¢in Ogrencilerin Geometrik Calismalarina iliskin Cetele Tablosu

- Paradigma Olusum Diizlem

g = Geo | Geo Il Geolll  Gés Arg Syl
by o < n %)
20 S 5 % O
° 8 § 8 =

0, 3167 X X X X

0, 2137 X X X X

0; 5547 X X X X

0, 505 X X X X

O 27047 X X X X

0 77147 X X X X X X X

Tablo 5 incelendiginde, dgrencilerin en fazla Geometri I paradigmasina karsilik gelen cevaplar verdikleri
gorilmiistiir. Sorularda Geometri III paradigmasina yonelik cevaba rastlanilmamistir. Tim Ogrenciler
gosterimsel olusumu aktif olarak kullanmuglardir. Bununla birlikte, aragsal olusumu kullanan 6grenciler de
olmustur. Séylemsel olusumu sadece bir 6grenci kullanmistir. Son olarak, 6grencilerin cevaplart Gos-Arg ve
Go6s-Syl diizlemlerinde dagilim gostermistir. Arg-Syl diizleminde cevaplar gelistiren 6grenciye rastlanilmamistir.
Ogrencilerden bir tanesi (Og) ise 6nce Geometri II paradigmasinda cevap sunmus, daha sonra Geometri I
paradigmasina karsilik gelen cevap vermistir (G6s-Syl — Gos-Arg).

4. Tartisma ve Sonug

Dinamik geometri yazilimlari, 6grencilerin geometrik c¢aligmalarini = sekillendiren Onemli firsatlar
sunmaktadirlar (Gomez-Chacon & Kuzniak, 2015; Gomez-Chacon vd., 2016). Bu calismada gerek kendi
ogretmenlik deneyimim boyunca goézlemledigim, gerekse de ilgili literatiirde 6grencilerin dgrenme giicliigii
yasadiklart bir konu olarak vurgulanan ¢ember konusuna odaklandim ve bu konu baglaminda 6grencilerimin
geometrik caligmalarini inceledim. Dinamik geometri yazilimlari (6zelde GeoGebra) gibi teknolojik baglamlarda
yapilan 6gretimin dgrencilerimin geometrik c¢alismasina olan etkisini incelemek amaciyla eylem arastirmast
yontemine odaklandim. Nitekim Geogebra’nin geometrik kavramlart gorsellestirmede 6nemli bir ¢izim aract
olduguna gerek lisans gerekse de lisansiistii egitimim siiresince aldigim derslerden aginayim. Bu yazilimdan,
geometrik sekilleri kolayca ¢izme, iligkileri kesfetme ve degisimleri (6zellikle siirgii araci ile) dinamik olarak
gozlemleme, c¢esitli geometrik modeller insa etme, ispat ve genelleme yapma gibi pek c¢ok amaglarla
faydalanilabilmektedir. Geogebra’nun bu kadar ¢ok o6zelligi igermesi ve farkli amaclarla kullanilmaya agik
olmasi, onu egitim siirecinde siklikla tercih edilen bir ara¢ haline getirmektedir. (Kili¢ & Kaleli-Yilmaz, 2024).
Bu baglamda Geogebra’y1 temel alan O0grenme ortamlari olusturulmakta ve teknoloji destekli etkinlikler
tasarlanmaktadir.

Cember ile ilgili yasanan giigliikler, geleneksel 6grenme ortaminda bu konunun dgrencilere somutlastirarak
ogretilmemesinden ileri gelmektedir. Ancak, teknoloji siniflara girdikten sonra 6gretmenlere bu konuyla ilgili
farkindalik yaratabilme imkani dogmustur. Teknolojinin zenginliklerinden yararlanabilmek adina bu aragtirmada
dinamik geometri ortaminda ¢ember konusu ile ilgili etkinlikler yapmaya karar verdim. Bu baglamda 8 adet
etkinlik gelistirdim ve uyguladim. Geleneksel 6grenme ortaminda ¢emberin tanimi ve dzellikleri verilmekte ve
sonra bu tanmim ve Ozelliklerden hareketle 6rnek ¢oziimler yapilmaktadir. Bu ¢aligmada, uygulama esnasinda
ogrenciler, Geogebra’y1 kullanarak ¢emberin temel ve yardimci elemanlarini etkinliklerde istenilen sekilde
¢izebilmis, siiriikkleme yapabilmistir; dolayisiyla ¢gember konusunu 6grenmek de kolaylagmistir. Bu kolayliklar
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klinik miilakatlardaki cevaplara da yansimigtir. Klinik miilakatlarda 6grencilerin geometrik ¢aligmalarinin Gos-
Ar¢ ve GoOs-Syl diizlemlerinde yogunlastigi goriilmistiir. Bu ise dgrencilerin Geometri I ve Geometri II
paradigmalarinda calistiklart anlamina gelmektedir. Oysa ki, lise kademesine gelen 6grencilerin Geometri II
paradigmasini kullanmalar1 beklenmektedir (Caligkan-Dedeoglu, 2016). Buna ragmen, calismadaki 6grenciler
gelistirilen dinamik geometri etkinlikleri ile ancak Geometri II paradigmasinda cevaplar verebilmislerdir. Ayrica
iki 6grencinin verdigi cevapta GCU modelindeki Gos-Arg ve Gos-Syl diizlemleri arasinda gegislerin de oldugu
goriilmiistiir. Bu 6grenciler 6nce Geometri II diizeyinde cevaplar sunup daha sonra ise Geometri I diizeyinde
cevaplar vermislerdir. Ogrencilerin bir soruya yonelik farkli eylemlerinde farkli diizlemlere gecislerin yasanmasi
durumu Gomez-Chacon vd. (2016) g¢alismasi ile benzerlik gostermektedir. Bu c¢alismada da geometrik
problemlere verilen cevaplarda diizlemler arasinda gegislerden bahsedilirken “zig-zag” kavrami kullanilmustir.

Arastirmada her ne kadar Ogrencilerden Arg-Syl diizleminde cevaplar gelmemis olsa da c¢aligmadaki
etkinliklerin 6grencilerin geometrik ¢aligmalarini gelistirdikleri sdylenebilir. Nitekim siirecin basinda 6grenciler
problemlere gorsellestirme odakli yaklasirken siirecin sonuna dogru ispata az da olsa yer vermeye baslayan
ogrenciler de olmustur. Dolayistyla 6grencilerimi Gos-Ar¢ diizleminden Gos-Syl diizlemine; yani Geometri
I’den Geometri II’ye tasima yoniindeki hedefim etkili olmustur. Oyle ki, uygulamadan belirli bir siire sonra
(yaklagik bir ay sonra) yapilan yazili sinavda, ¢ember konusu ile ilgili baslangicta 6grenme giigliigii olan
Ogrencilerimin sorulara dogru yanitlar verdikleri goriilmistiir. Geleneksel 6grenme ortaminda anlatilan bu
konunun zaman iginde unutuldugunu 6gretmenlik deneyimimden biliyorum. Universite sinavina hazirlanan
ogrencilerin gember konusunda uzunluk, ag1 basta olmak {izere sorunlar yasadiklarini ve bu sorunlarin da ¢cember
konusunu zihinlerinde tam olarak gorsellestiremediklerinden kaynaklandigini goriiyordum. Cember konusunu
somutlastirip zihinlerine yerlestiremedikleri zaman konu ilgili diger sorularda da basarili olamamaktaydilar.
Geogebra ortaminda etkinlikler yoluyla anlattigim ¢ember konusunun geleneksel 6grenme ortamina kiyasla daha
etkili oldugunu da gdordiim. Yapilan Geogebra etkinliklerinin 6grenciler tarafindan ilgi ¢ekici olmasi, teknoloji
ile zenginlestirilmis ortamin 6grencileri daha ¢ok motive etmesi ve dgrencilerin derslere katilma isteklerinin
yiiksek olmasi bu kavramlarin 6grenilmesinde dnemli rol oynamustir.

Bu galismanin ilk boliimiinde gerceklestirilen 8 adet etkinlikten hemen sonra klinik miilakat ¢aligmasinin
yapilmasi bazi sinirliklara neden olmustur. Iki ¢alisma arasinda yeterli siirenin olmamas1 6grencilerin klinik
miilakatta yer alan sorulari dogrudan dinamik geometri ortamimi kullanarak ¢dzmeye calismalarina ve
dolayisiyla diisiincelerinin simirlandirilmasia neden olmustur. Ornegin, 6grencilerden ¢emberin merkezini
bulmalar istendiginde 6grenci teknolojik ortamda ¢emberi ¢izerek zaten merkezinin belli oldugunu sdylemistir.
Iki calisma ortaminda yeterli siirenin verilmesi durumunda 6grencinin dinamik geometri ortamindan uzaklasarak
sorulan sorulara daha agiklayici ve dzgiin yanitlar verebilecegi diisiiniilmektedir. Bunun yaninda 6gretmenlerin
de dinamik geometri yazilimlari hakkinda bilgi sahibi olmalari ve Ggrencilerine de bu yazilimi 6gretmeleri
beklenmektedir. Boylece serbest bir caligma ortami olusturuldugunda 6grencilerin geometrik problemlere nasil
ve ne agidan yaklagtiklar1 daha iyi ortaya konulabilir. Ayrica ¢aligmadaki 6grencilere ara ara dinamik geometri
yazilimna iliskin diisiinceleri sorulmus ve ogrencilerden olumlu déniitler alinmistir. Ogrencilerden alinan
doniitlerde 6n plana ¢ikan diisiince ise dinamik geometri yazilinu ile gergeklestirilen dgretimin 6grencilerin
gorsel, uzamsal diistinmelerini arttirdig1 yoniindedir. Geometrideki soyut kavramlarin 6grencilerin zihinlerinde
canlandirabilmeleri, matematik egitimi agisindan istenen durumlardan biridir. Ayrica bu ¢aligmada &grencilerin
verilen ifadeye uygun sekilleri ¢izebilme becerilerinin, tahmin yeteneklerinin ve matematiksel agiklama
yapabilme becerilerinin artti§1 goriilmiistiir. Tim bu sonuglarin ilerleyen siireglerde 6grencilerin geometri
basarisina olumlu katkilar yapacag diisiiniilmektedir.

5. Oneriler

Bu ¢alismada 6grenciler sadece dinamik geometri yazilimlar ile ¢alismaya yonlendirilmistir. Bu ise {iretilen
cevaplarin bu yonde olmasini tetiklemistir. Bundan sonra yapilacak ¢aligmalarda 6grencilerin ¢alisma alanlarinin
siirlandirilmamasi, farkli ortamlarda da caligabilme firsati sunulmasi onerilmektedir. Ayrica ¢aligma eylem
arastirmas1 yontemiyle gerceklestirilmis olup ilerleyen caligsmalarda ayni sinif seviyesinden dinamik geometri
ortamlar1 kullanilarak etkinliklerin gergeklestirildigi bir kontrol grubu ve geleneksel ortamda etkinliklerin
gergeklestirildigi bir deney grubu alinarak yart deneysel bir calisma gergeklestirilebilir. Boylelikle dinamik
geometri ortamlar1 ile geleneksel ortamlarda yapilan etkinliklerin Ogrencilerin geometrik ¢alismalarinda
olusturacagi degisiklik, gelisim ve ilerleme karsilagtirilabilir.

Finansman: Bu ¢aligsma igin herhangi bir fon bildirilmemistir.

Cikar beyani: Yazar herhangi bir ¢ikar ¢atismasi beyan etmemektedir.
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